Chapter 7

‘ PERMUTATIONSAND COMBINATIONS ,

«*Every body of discovery is mathematical in form because there is no
other guidance we can have — DARWIN %

7.1 Introduction

Supposeyou have asuitcase with anumber lock. The number
lock has 4 wheels each labelled with 10 digits from 0 to 9
The lock can be opened if 4 specific digitsare arranged in ¢
particular sequence with no repetition. Some how, you have
forgotten this specific sequence of digits. You remember only
thefirst digit whichis7. In order to open thelock, how many
sequences of 3-digitsyou may haveto check with? To answer
thisquestion, you may, immediately, start listing all possible
arrangements of 9 remaining digits taken 3 at atime. But
this method will be tedious, because the number of possible
sequences may belarge. Here, in this Chapter, we shall learn
some basic counting techniques which will enable us to answer this question without
actudly listing 3-digit arrangements. In fact, thesetechniqueswill beuseful in determining
the number of different ways of arranging and selecting objectswithout actualy listing
them. As afirst step, we shall examine a principle which is most fundamental to the
learning of these techniques.

Jacob Bernoulli
(1654-1705)

7.2 Fundamental Principleof Counting

Let us consider the following problem. Mohan has 3 pants and 2 shirts. How many
different pairs of a pant and a shirt, can he dress up with? There are 3 waysin which
a pant can be chosen, because there are 3 pants available. Similarly, a shirt can be
chosenin 2 ways. For every choice of apant, there are 2 choices of ashirt. Therefore,
there are 3 x 2 = 6 pairs of a pant and a shirt.
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Let us name the three pants as P, P,, P, and the two shirtsas S, S,. Then,
these six possibilitiescan beillustrated inthe Fig. 7.1.

Let us consider another problem 6 Possibilities

of the same type. S, P,S,
Sabnam has 2 school bags, 3tiffin boxes
and 2 water bottles. In how many ways
can shecarry theseitems (choosing one
each).

A school bag can be chosenin 2
different ways. After a school bag is
chosen, atiffin box can be chosenin 3
different ways. Hence, there are
2 x 3=6 pairsof school bag and atiffin
box. For each of these pairs a water
bottle can be chosenin 2 differnt ways. Fig7.1
Hence, thereare 6 x 2 = 12 different ways in which, Sabnam can carry these itemsto
school. If we name the 2 school bags as B,, B,, the threetiffinboxesasT,, T,, T, and
the two water bottlesas W, W, these possibilities can beillustrated in the Fig. 7.2.
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In fact, the problems of the above types are solved by applying the following
principle known asthe fundamental principle of counting, or, simply, themultiplication
principle, which states that

“If an event can occur in m different ways, following which another event
can occur in n different ways, then the total number of occurrence of the events
in the given order is mxn.”

The above principle can be generalised for any finite number of events. For
example, for 3 events, the principleisasfollows:

‘If an event can occur in m different ways, following which another event can
occur in n different ways, following which athird event can occur in p different ways,
then the total number of occurrence to ‘the eventsin the given orderismx n x p.”

In the first problem, the required number of ways of wearing a pant and a shirt
wasthe number of different ways of the occurence of thefollowing eventsin succession:

(i) theevent of choosing a pant
(i) theevent of choosing a shirt.
In the second problem, the required number of wayswasthe number of different
ways of the occurence of the following eventsin succession:
(i) theevent of choosing aschool bag
(i) theevent of choosing atiffin box
(ili) the event of choosing awater bottle.

Here, in both the cases, the eventsin each problem could occur in various possible

orders. But, we have to choose any one of the possible orders and count the number of
different ways of the occurence of the events in this chosen order.

Example 1 Find the number of 4 letter words, with or without meaning, which can be
formed out of the letters of the word ROSE, where the repetition of the lettersis not
alowed.

Solution There are as many words as there are ways of filling in 4 vacant places

D D D D by the 4 |etters, keeping in mind that the repetitionisnot allowed. The

first place can befilledin 4 different ways by anyone of the4 lettersR,0,S,E. Following
which, the second place can be filled in by anyone of the remaining 3 lettersin 3
different ways, following which thethird place can befilled in 2 different ways; following
which, the fourth place can befilled in 1 way. Thus, the number of waysin which the
4 places can befilled, by the multiplication principle, is4 x 3 x 2 x 1 = 24. Hence, the
required number of wordsis 24.



PERMUTATIONS AND COMBINATIONS 137

If the repetition of the |etters was allowed, how many words can be formed?

One can easily understand that each of the 4 vacant places can be filled in succession
in 4 different ways. Hence, the required number of words = 4 x 4 x 4 x 4 = 256.

Example 2 Given 4 flags of different colours, how many different signals can be
generated, if asignal requires the use of 2 flags one below the other?

Solution Therewill be as many signals asthere are ways of filling in 2 vacant places

in succession by the 4 flags of different colours. The upper vacant place can

befilledin 4 different waysby anyone of the 4 flags; following which, thelower vacant
place can be filled in 3 different ways by anyone of the remaining 3 different flags.
Hence, by the multiplication principle, the required number of signals=4 x 3=12.

Example 3 How many 2 digit even numbers can be formed from the digits
1, 2, 3, 4, 5if the digits can be repeated?

Solution There will be as many ways as there are ways of filling 2 vacant places
DD insuccession by thefivegivendigits. Here, inthiscase, westart filling in unit’'s

place, because the options for this place are 2 and 4 only and this can be done in 2
ways, following which the ten’s place can befilled by any of the 5 digitsin 5 different
waysasthedigits can berepested. Therefore, by the multiplication principle, therequired
number of two digits even numbersis2 x 5, i.e, 10.

Example 4 Find the number of different signalsthat can be generated by arranging at
least 2 flagsin order (one below the other) on avertical staff, if five different flagsare
available.

Solution A signal can consist of either 2 flags, 3 flags, 4 flags or 5 flags. Now, let us
count the possible number of signals consisting of 2 flags, 3 flags, 4 flags and 5 flags
separately and then add the respective numbers.

Therewill beasmany 2 flag signalsastherearewaysof fillingin 2 vacant places

in succession by the 5 flags available. By Multiplication rule, the number of

waysis5 x 4 =20.
Similarly, there will be as many 3 flag signals as there are ways of filling in 3

vacant places in succession by the 5 flags.
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The number of waysis5 x 4 x 3 = 60.
Continuing the same way, we find that
The number of 4flag signals =5x 4 x 3 x 2 =120
and the number of 5flagsignals =5x 4 x 3x 2x 1 =120
Therefore, therequired no of signals =20 + 60 + 120 + 120 = 320.

|[EXERCISE 7.1

1. How many 3-digit numbers can be formed from the digits 1, 2, 3, 4 and 5
assuming that
(i) repetition of thedigitsisallowed?
(i)  repetition of thedigitsisnot allowed?

2. How many 3-digit even numberscan beformed fromthedigits1, 2, 3,4, 5, 6if the
digits can be repeated?

3. How many 4-letter code can be formed using the first 10 letters of the English
alphabet, if no letter can be repeated?

4. How many 5-digit telephone numbers can be constructed using the digits O to 9if
each number starts with 67 and no digit appears more than once?

5. A coinistossed 3 times and the outcomes are recorded. How many possible
outcomes are there?

6. Given5flagsof different colours, how many different signalscan be generated if
each signal requires the use of 2 flags, one below the other?

7.3 Permutations

In Example 1 of the previous Section, we are actually counting the different possible
arrangements of the letters such as ROSE, REOS, ..., etc. Here, in this list, each
arrangement is different from other. In other words, the order of writing the lettersis
important. Each arrangement is called a permutation of 4 different letters taken all
at atime. Now, if we have to determine the number of 3-letter words, with or without
meaning, which can be formed out of the letters of the word NUMBER, where the
repetition of the letters is not allowed, we need to count the arrangements NUM,
NMU, MUN, NUB, ..., etc. Here, we are counting the permutations of 6 different
letters taken 3 at atime. The required number of words=6 x 5 x 4 = 120 (by using
multiplication principle).

If the repetition of the |etters was allowed, the required number of words would
be 6 x 6 x 6 = 216.
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Definition 1 A permutation is an arrangement in a definite order of a number of
objects taken some or al at atime.

In thefollowing sub Section, we shall obtain the formulaneeded to answer these
questionsimmediately.

7.3.1 Permutations when all the objects are distinct

Theorem 1 The number of permutations of n different objects taken r at a time,
where 0 <r <n and the objectsdo not repeat isn(n—-1) (n—-2)...(n—r + 1),
which is denoted by "P.

Proof There will be as many permutations as there are ways of filling in r vacant

places . by

« r vacant places —»

the nobjects. Thefirst place can befilled in nways; following which, the second place
can befilled in (n — 1) ways, following which the third place can befilled in (n —2)
ways,..., the rth place can be filled in (n — (r — 1)) ways. Therefore, the number of
ways of filling in r vacant placesin successionisn(n—1) (n—-2)... (n—(r—1))or
n(n-1)(n=-2)..(h—r+1)

Thisexpression for "P. is cumbersome and we need anotation which will help to
reduce the size of this expression. The symbol n! (read as factorial n or n factoria )
comes to our rescue. In the following text we will learn what actually n! means.

7.3.2 Factorial notation The notation n! represents the product of first n natural
numbers, i.e., theproduct 1 x 2x 3x ... x (n—1) x nisdenoted asn!. We read this
symbol as‘nfactorial’. Thus, 1x2x3%x4 ... x(n—=1)xn=n!

1=1!

1x2=21

1x2x3=3!

1x2x3x4=4!andsoon.
WedefineO! =1
Wecanwrite 5! =5x41=5x4x3!1=5x4x3x2!

=5x4x3x2x1l
Clearly, for anatural number n
n! =n(n — 1)!
=n(n-1) (- 2)! [provided (n> 2)]
=nn-1)(n-2 (n- 3! [provided (n > 3)]

and so on.
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Example 5 Evaluate (i) 5! (i) 7! (iti) 71 =5!

Solution (i) 5!'=1x2x3x4x5=120
(i) 7'=1x2x3x4x5x%x6x7=5040
and (i) 7! — 51'=5040 — 120 = 4920.

7! 12!
Example 6 Compute (i) 5 (ii) (101) (21)

_ _ I 7x6x5!
Solution (i) We have Sl 5| =7x6=42
. 12! _ 12x11x (101 _ B
and (i) (100 (2) = (109~(2) =6 x 11 = 66.

n!
Example 7 Evaluate —r!(n—r)! ,whenn=5,r =2.

5!
Solution  We have to evaluate —2!(5_2)! (sncen=5r1r=2)

51 5l 4x5
Wehave  15-2)0= k3 2

10

1+1_ X
Example8|f§ a—l—o!,fmdx.

_ i, 1 X
Solution We have 8 9x8 10x9x8!

Theref T o__x
TEOre 79 109 ¢ 9 10%9
So x = 100.

|EXERCISE 7.2
1. Evauate

(i) 8! (i) 4! -3
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8! 1+1_x _
2. I1s31+41=717 3.Computem 4.|fa ﬁ—g,flndx
n!
5. Evaluatem,when
i)n=6,r=2 (i)n=9,r=5.

7.3.3 Derivation of the formula for "P.

n!
"B = ,0<r<n
(n—r)!
Let us now go back to the stage where we had determined the following formula:
"P=nn-1)(n-2)... (n-r+1)

Multiplying numerator and denomirator by (n—r) (n—r—1)...3x 2 x 1, we get

b _ n(n-1) (n-2)..(n-r+1)(n-r)(n-r-1)..3x2x1 _
' (n=r)(n-r-1)..3x2x1 " (n-r)

n n!

Thus Pr——(n_r)!,where0<r <n

Thisis amuch more convenient expression for "P. than the previous one.

n!
a =

Counting permutationsis merely counting the number of waysin which some or
all objects at atime are rearranged. Arranging no object at al is the same as leaving
behind all the objects and we know that there is only one way of doing so. Thus, we
can have

In particular, whenr =n, "P, = n!

o~ _ni (n-0)! - (1)
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Theorem 2 The number of permutations of n different objects taken r at a time,
whererepetitionisallowed, isn'.
Proof isvery similar to that of Theorem 1 and is left for the reader to arrive at.
Here, we are solving some of the problems of the pervious Section using the
formulafor "P toillustrate its useful ness.
In Example 1, the required number of words = “P, = 4! = 24. Here repetition is
not allowed. If repeation isallowed, the required number of wordswould be 4* = 256.
The number of 3-letter words which can be formed by the letters of the word

6!
6
NUMBER= F T3 =4%x5x6=120. Here, in this case aso, the repetition is not

alowed. If therepetition isallowed,the required number of wordswould be 6° = 216.

The number of ways in which a Chairman and a Vice-Chairman can be chosen

from amongst a group of 12 persons assuming that one person can not hold more than
12!

oneposition, clearly P, = o 11x12 =132.

7.3.4 Permutations when all the objects are not distinct objects Suppose we have
to find the number of ways of rearranging the letters of the word ROOT. In this case,
theletters of theword arenot all different. Thereare 2 Os, which are of the samekind.
Let us treat, temporarily, the 2 Os as different, say, O, and O,. The number of
permutations of 4-different letters, in this case, taken all at a time
is 4!. Consider one of these permutations say, RO,0,T. Corresponding to this
permutation,we have 2! permutations RO, O, T and RO,O, T which will be exactly the
same permutation if O, and O, are not treated as different, i.e., if O, and O, are the
same O at both places.

4
Therefore, the required number of permutations = o 3x4=12

Permutations when O,, O, are Permutations when O, O, are
different. the same O.
RO,0,T
RO,O,T > RoOOT

TOOR

v

TO,0,R
TO,0R
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ROT O, ROTO
RO,T O, | >
TO,RO, | TORO
TO,RO, | >
RTO,0; RTOO
RTO,O0, | >
TRO,0, | TROO
TRO,0, | >
0,0, RT] DORT
0, O, TR >
ORO,T | OROT
O,RO,T | >
O, TO, R] 0TOR
0, TO, R >
ORTO:| ORTO
O,RTO, | >
O, TRO,| OTRO
0, TRO, | >
OO TR| OOTR
0,0, TR >

Let us now find the number of ways of rearranging the letters of the word
INSTITUTE. Inthis casethere are 9 letters, in which | appears 2 timesand T appears
3times.

Temporarily, let ustreat these letters different and namethemasl , I, T,, T, T..
The number of permutations of 9 different letters, inthiscase, taken all at atimeis9!.
Consider one such permutation, say, |, NT, SI, T, U ET,. Hereif |, |, are not same
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and T, T,, T, are not same, then |, I, can be arranged in 2! waysand T,, T, T, can
bearranged in 3! ways. Therefore, 2! x 3! permutationswill bejust the same permutation
corresponding to this chosen permutation | NT SI, T, UET .. Hence, total number of

|
different permutationswill be 2|i3l

We can state (without proof) the following theorems:
Theorem 3 The number of permutations of n objects, where p objects are of the

n!
same kind and rest are all different = E :
In fact, we have a more general theorem.

Theorem 4 The number of permutations of n objects, where p, objects are of one
kind, p, are of second kind, ..., p, are of k" kind and the rest, if any, are of different

S n!
kindis ———.
p! pt... p!
Example 9 Find the number of permutations of theletters of theword ALLAHABAD.

Solution Here, there are 9 objects (letters) of which there are 4A’s, 2 L's and rest are
all different.

91  5x6x7x8x9

= = 7560
412! 2

Therefore, the required number of arrangements =

Example 10 How many 4-digit numbers can be formed by using the digits 1 to 9 if
repetition of digitsisnot allowed?

Solution Here order matters for example 1234 and 1324 are two different numbers.
Therefore, therewill beasmany 4 digit numbers asthere are permutations of 9 different
digitstaken 4 at atime.

9 9

Therefore, the required 4 digit numbers = P, = (9 4)| = G =9x8x7x6=23024.

Example 11 How many numberslying between 100 and 1000 can be formed with the
digits0, 1, 2, 3,4, 5, if therepetition of the digitsis not allowed?

Solution Every number between 100 and 1000 is a 3-digit number. We, first, have to
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count the permutations of 6 digits taken 3 at atime. This number would be °P,. But,
these permutations will include those also where O is at the 100's place. For example,
092, 042, . . ., etc are such numbers which are actually 2-digit numbers and hence the
number of such numbers has to be subtracted from °P, to get the required number. To
get the number of such numbers, wefix O at the 100’s place and rearrange the remaining
Sdigitstaking 2 at atime. This number is°P,. So

. 6! 5l
—6p _5p 2 _

The required number =°R,-"R, 3 o
=4x5x6 — 4x5=100

Example 12 Find the value of n such that

n

: P _5
() "B,=42"R;, n>4 (ii) TPA-g,n>4

Solution (i) Giventhat

"B,=42"PR,
or nn-1)(nN-2)(n-3) (n—-4)=42n(n-1) (n—2)
Since n>4 so n(n—1) (n-2)#0

Therefore, by dividing both sides by n(n—1) (n—2), we get
(n—=3(n—4) =42

or n —7n-30=0
or n?—10n+ 3n—-30
or (n-10)(n+3)=0
or n—-10=0or n+3=0
or n=10 oo n=-3

Asn cannot be negative, so n = 10.

n

P, 5
(i) Giventhat rPAZE
Therefore 3n(n-1) (n-2) (n—-3)=5n-1) (n—-2) (n—-3) (n—4)
or 3n=5(n-4) [as(n—-1)(n-2)(n-3)#0,n>4]

or n=10.
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Example 13 Findr, if 5P =6°P_ .

Solution We have 5 *pP. =6 °P_,

4 5

5 =6x———

or S S TR T
5 _ 6x5l

o (4-r1) (5-r+1)(5-r)(5-r-1)!
or ®6-rnb-r==6
or r2—1r+24=0
or r2—8r—3r+24=0
or r-8((r -3=0
or r=8 orr=3.
Hence r=8,3.

Example 14 Find the number of different 8-letter arrangements that can be made
from the letters of the word DAUGHTER so that
(i) all vowelsoccur together (i) all vowelsdo not occur together.

Solution (i) There are 8 different letters in the word DAUGHTER, in which there
are 3vowels, namely, A, U and E. Since the vowels have to occur together, we can for
the time being, assume them asa single object (AUE). Thissingle object together with
5 remaining letters (objects) will be counted as 6 objects. Then we count permutations
of these 6 objectstaken all at atime. This number would be°P, = 6!. Corresponding to
each of these permutations, we shall have 3! permutations of the three vowelsA, U, E
taken all at atime . Hence, by the multiplication principle the required number of
permutations= 6! x 3! =4320.

(i) If we have to count those permutations in which all vowels are never
together, wefirst have to find all possible arrangments of 8 letterstaken all at atime,
which can bedonein 8! ways. Then, we have to subtract from this number, the number
of permutations in which the vowels are always together.

6! (7x8 — 6)

2x6!(28-3)

50 % 6! =50 x 720 = 36000
Example 15 In how many ways can 4 red, 3 yellow and 2 green discs be arranged in
arow if the discs of the same colour are indistinguishable ?

Therefore, the required number 8! -6! x 3!

Solution Total number of discsare4 + 3+ 2=9. Out of 9 discs, 4 are of thefirst kind
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(red), 3 are of the second kind (yellow) and 2 are of the third kind (green).

Therefore, the number of arrangements % =1260.
Example 16 Find the number of arrangements of the letters of the word
INDEPENDENCE. In how many of these arrangements,
(i) do thewords start with P
(i) do all the vowels always occur together
(i) do the vowels never occur together
(iv) do thewordsbeginwith | and end in P?

Solution There are 12 letters, of which N appears 3 times, E appears 4 times and D
appears 2 times and the rest are al different. Therefore

12!
The required number of arrangements =3 o = 1663200

(i) Letusfix Patthe extremeleft position, we, then, count the arrangements of the
remaining 11 letters. Therefore, the required of words starting with P are

|
_ 138600
3204 '
(i) Thereare5 vowelsin the given word, which are4 Esand 1 1. Since, they have
to always occur together, we treat them asasingleobject [ | for thetime

being. This single abject together with 7 remaining objects will account for 8
objects. These 8 objects, in which there are 3Nsand 2 Ds, can berearranged in

8!
310 Ways. Corresponding to each of these arrangements, the 5 vowelsE, E, E,

5!
Eand| canberearrangedin o ways. Therefore, by multiplication principlethe

required number of arrangements

|
=8 2 16800
32 4
(i)  The required number of arrangements
= the total number of arrangements (without any restriction) — the number

of arrangements where all the vowels occur together.
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(iv)

N

10.

11.

MATHEMATICS

=1663200— 16800 = 1646400
Let us fix | and P at the extreme ends (I at the left end and P at the right end).
We are left with 10 letters.
Hence, the required number of arrangements

—_ i — 12600
324

EXERCISE 7.3|

How many 3-digit numbers can be formed by using thedigits1to 9if no digitis
repeated?
How many 4-digit numbers are there with no digit repeated?
How many 3-digit even numbers can be made using the digits
1,2,3,4,6,7,if nodigitisrepeated?
Find the number of 4-digit numbersthat can be formed using thedigits 1, 2, 3, 4,
5if no digit isrepeated. How many of these will be even?
From a committee of 8 persons, in how many ways can we choose a chairman
and avice chairman assuming one person can not hold more than one position?
Findnif "-'P,:"P, =1:0.
Findrif (i) °P=2°P_, (i)°P="°P .
How many words, with or without meaning, can beformed using all theletters of
the word EQUATION, using each letter exactly once?
How many words, with or without meaning can be made from the letters of the
word MONDAY, assuming that no letter is repeated, if.
(i) 4lettersareused at atime, (i) all lettersare used at atime,
(iii) &l letters are used but first letter isavowel?
In how many of the distinct permutations of the lettersin MISSISSIPPI do the
four I’s not come together?
In how many ways can the | etters of the word PERMUTATIONS be arranged if the
(i) words start with P and end with S, (i) vowelsareall together,
(ili) there are always 4 letters between P and S?

7.4 Combinations

Let us now assume that there is a group of 3 lawn tennis players X, Y, Z. A team
consisting of 2 playersisto be formed. In how many ways can we do so? Is the team
of X and Y different from the team of Y and X ? Here, order is not important.
In fact, there are only 3 possible ways in which the team could be constructed.
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Fig.7.3
These are XY, YZ and ZX (Fig 7.3).
Here, each selection is called a combination of 3 different objects taken 2 at a time.
In acombination, the order isnot important.

Now consider some moreillustrations.

Twelve persons meet in aroom and each shakes hand with all the others. How do
we determine the number of hand shakes. X shaking handswith'Y and Y with X will
not be two different hand shakes. Here, order is not important. There will be as many
hand shakes as there are combinations of 12 different things taken 2 at atime.

Seven points lie on a circle. How many chords can be drawn by joining these
points pairwise? Therewill be as many chords asthere are combinations of 7 different
thingstaken 2 at atime.

Now, we obtain theformulafor finding the number of combinations of n different
objectstakenr at atime, denoted by "C ..

Suppose we have 4 different objectsA, B, Cand D. Taking 2 at atime, if we have
to make combinations, thesewill beAB, AC, AD, BC, BD, CD. Here, AB and BA are
the same combination as order does not alter the combination. Thisiswhy we have not
included BA, CA, DA, CB, DB and DC inthislist. There are asmany as 6 combinations
of 4 different objectstaken 2 at atime, i.e., *C, = 6.

Corresponding to each combinationinthelist, we can arrive at 2! permutationsas
2 objects in each combination can be rearranged in 2! ways. Hence, the number of
permutations = “C, x 2!.

On the other hand, the number of permutations of 4 different thingstaken 2 at a
time = “P,.

4
Therefore ‘P,=4C,x 2! or (4_2)!2_ C

Now, let us suppose that we have 5 different objectsA, B, C, D, E. Taking 3 at a
time, if we have to make combinations, these will be ABC, ABD, ABE, BCD, BCE,
CDE, ACE,ACD, ADE, BDE. Corresponding to each of these °C, combinations, there
are 3! permutations, because, the three objects in each combination can be
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rearranged in 3 ! ways. Therefore, the total of permutations = °C, x 3!

5 s
Therefore 5P, = 5C,x3 or G-3ia Cs

These examples suggest the following theorem showing relationship between
permutaion and combination:

Theorem 5 ”Prz ”(:r rl,0<r<n.

Proof Corresponding to each combination of "C_we haver ! permutations, because
r objects in every combination can be rearranged inr ! ways.
Hence, the total number of permutations of n different things takenr at atime

is"C, x r!. Onthe other hand, itis ™ .. Thus

"B ="C, xr!, 0<r<n.

n! n n n!
Remarks 1. From above —(n—r)!: Cxrlje, C= r!(n—r_)! :

i i n n!
Inparticular, if r =n,  C, ZTO!:L
2.  Wedefine"C, =1, i.e., the number of combinations of n different things taken
nothing at all isconsidered to be 1. Counting combinationsis merely counting the
number of ways in which some or al objects at a time are selected. Selecting
nothing at all isthe same asleaving behind all the objectsand we know that there
isonly one way of doing so. Thisway we define"C, = 1.

n!

3. As———=1="C,, theformula™ , -— " isapplicableforr=0also.
0(n-0) ° r(n-r) O
Hence
noo_ n
rT 7 (n—r) ,0<r<n
n! n!
4 ncn r =

: :(n—r)!(n—(n—r))! T (n-r)rt "Co
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i.e., selecting r abjects out of n objects is same as rejecting (n —r) objects.
5. "C,="C,=> a=bora=n-b,ie,n=a+b
Theorem 6 "C, +"C,_, = ™'C,

r!(n; r) i (r —1)!(n.— r+1)!

Proof Wehave "C, +"C, ;=

n! n!

~rx(r=1)(n-r)! " (r=1)}(n-r+1)(n-r)!

W(In—r)l HJF n—i+1}

n! n—r+1+r (n+1)!

- (r-1!(n-r)! * r(n-r+1) ~ r!(n+1—r)!_ '

Example 17 1f "C, = "Cg, find ™

Solution We have "Cy = "Cq

n! n!
€ d(n-9) (n-8)'8
11 _ _
or 9 n_g n-8=9 o n=17

Therefore "C, =*C,, =1.

Example 18 A committee of 3 personsisto be constituted from a group of 2 men and
3 women. In how many ways can this be done? How many of these committeeswould
consist of 1 man and 2 women?

Solution Here, order does not matter. Therefore, we need to count combinations.
There will be as many committees as there are combinations of 5 different persons
_ 945,

32 2

Now, 1 man can be selected from 2 men in °C, ways and 2 women can be
selected from 3 women in °C, ways. Therefore, the required number of committees

taken 3 at atime. Hence, the required number of ways = °C,
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= 2Cx°Cy= = x——=6

2 3
ry 21

Example 19 What is the number of ways of choosing 4 cards from a pack of 52
playing cards? In how many of these

(i) four cards are of the same suit,

(i) four cardsbelong to four different suits,
(i) are face cards,
(iv) two arered cards and two are black cards,
(v) cards are of the same colour?

Solution Therewill be as many ways of choosing 4 cards from 52 cards as there are
combinations of 52 different things, taken 4 at atime. Therefore

52 49x50x51x52

52
. _%c, = =
The required number of ways = 4= 48 5% 3x4
= 270725
(i) There arefour suits: diamond, club, spade, heart and there are 13 cards of each

(ii)

(iii)

suit. Therefore, there are *C, ways of choosing 4 diamonds. Similarly, there are
°C, ways of choosing 4 clubs, *C, ways of choosing 4 spades and *C, ways of
choosing 4 hearts. Therefore

The required number of ways = ©°C, + “®C,+ °C,+ ©°C,.

13

4x = 2860
4 9

There arel3 cards in each suit.

Therefore, there are **C, ways of choosing 1 card from 13 cards of diamond,
°C, ways of choosing 1 card from 13 cards of hearts, *C, ways of choosing 1
card from 13 cards of clubs, **C, ways of choosing 1 card from 13 cards of
spades. Hence, by multiplication principle, the required number of ways

= 13(:1 X 13(:1 X 13C1X 13(:1 = 134
There are 12 face cards and 4 are to be slected out of these 12 cards. This can be

12
done in *C, ways. Therefore, the required number of ways = g = 495
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(iv) There are 26 red cards and 26 black cards. Therefore, the required number of
ways = *C, x *C,

2
26!
. (m) =(325)" = 105625

(v) 4 red cards can be selected out of 26 red cards on *°C, ways.
4 black cards can be selected out of 26 black cardsin *C,ways.

Therefore, the required number of ways = *C, + #*C,

= 2x 20 = 29900
a2 '

| EXERCISE 7.4

1. If "C,="C, find"C,.

2.  Determinen if
(i)*C,:"C,=12:1 (i>nC,:"C,=11:1

3. How many chords can be drawn through 21 points on acircle?

4. Inhow many ways can ateam of 3 boysand 3 girls be selected from 5 boys and
4girls?

5. Find the number of ways of selecting 9 ballsfrom 6 red balls, 5 white ballsand 5
blue ballsif each selection consists of 3 balls of each colour.

6.  Determine the number of 5 card combinations out of a deck of 52 cards if there
is exactly one ace in each combination.

7. In how many ways can one select a cricket team of eleven from 17 playersin
which only 5 players can bow! if each cricket team of 11 must include exactly 4
bowlers?

8. A bag contains 5 black and 6 red balls. Determine the number of waysin which
2 black and 3 red balls can be selected.

9. Inhow many ways can a student choose a programme of 5 coursesif 9 courses
are available and 2 specific courses are compulsory for every student?

Miscellaneous Examples

Example 20 How many words, with or without meaning, each of 3 vowels and 2
consonants can be formed from the letters of the word INVOLUTE ?

Solution In the word INVOLUTE, there are 4 vowels, namely, 1,0,E,Uand 4
consonants, namely, N, V, L and T.
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The number of ways of selecting 3 vowels out of 4 =“C, = 4.

The number of ways of selecting 2 consonants out of 4 = “C, = 6.

Therefore, the number of combinations of 3 vowels and 2 consonants is
4x6=24.

Now, each of these 24 combinations has 5 letters which can be arranged among
themselves in 5 ! ways. Therefore, the required number of different words is
24 x 51 = 2880.

Example 21 A group consists of 4 girlsand 7 boys. In how many ways can ateam of
5 members be selected if the team has (i) no girl ? (ii) at least one boy and one girl ?
(iii) at least 3girls?

Solution (i) Since, the team will not include any girl, therefore, only boys are to be
selected. 5 boys out of 7 boys can be selected in ‘C_ ways. Therefore, the required

7~ M BxT7
number of ways = Cs—ﬁ— > =21

(i) Since, at least one boy and one girl are to be there in every team. Therefore, the
team can consist of

(@) 1boyand4girls (b) 2boysand 3 girls
(c) 3boysand 2 girls (d) 4boysand 1 girl.
1 boy and 4 girls can be selected in 'C, x *C, ways.
2 boys and 3 girls can be selected in 'C, x “C, ways.
3 boys and 2 girls can be selected in ’C, x “C, ways.
4 boys and 1 girl can be selected in 'C, x “C, ways.
Therefore, the required number of ways
='C, x*C,+'C,x*C,+'C,x *C,+ 'C, x *C,
=7+84+210+140=441
(ili)  Since, the team has to consist of at least 3 girls, the team can consist of
(8 3girlsand 2boys, or  (b) 4 girlsand 1 boy.
Note that the team cannot have all 5 girls, because, the group has only 4 girls.
3 girlsand 2 boys can be selected in “C, x 'C, ways.
4 girlsand 1 boy can be selected in “C, x 'C, ways.
Therefore, the required number of ways
=%C,x'C,+C,x'C =84+7=091
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Example 22 Find the number of words with or without meaning which can be made
using all the letters of the word AGAIN. If these words are written asin a dictionary,
what will be the 50" word?

Solution Thereare5lettersintheword AGAIN, inwhich A appears 2 times. Therefore,

. g
the required number of words = 5 60.

To get the number of words starting with A, wefix the letter A at the extreme | eft
position, wethen rearrange the remaining 4 |etterstaken all at atime. There will be as
many arrangements of these 4 letters taken 4 at atime as there are permutations of 4
different things taken 4 at a time. Hence, the number of words starting with

4
A = 41 =24, Then, starting with G the number of words = 5" 12 as after placing G

at the extreme left position, we are |eft with the letters A, A, | and N. Similarly, there
are 12 words starting with the next letter 1. Total number of words so far obtained
=24+12+12=48.

The 49" word is NAAGI. The 50" word is NAAIG.

Example 23 How many numbers greater than 1000000 can be formed by using the
digits1,2,0,2,4,2,4?

Solution Since, 1000000isa7-digit number and the number of digitsto beusedisalso
7. Therefore, the numbersto be counted will be 7-digit only. Also, the numbershaveto
be greater than 1000000, so they can begin either with 1, 2 or 4.

6 4x5x6
The number of numbers beginning with 1 = ER) ZT =60, aswhen 1is

fixed at the extremeleft position, theremaining digitsto berearranged will be0, 2, 2, 2,
4,4, inwhichthereare 3, 2sand 2, 4s.
Total numbers begining with 2

6  3x4x5x6
202

=180

o 6
and total numbers begining with 4 =3° 4x5x6 =120
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Therefore, the required number of numbers = 60 + 180 + 120 = 360.
Alternative Method

7!
The number of 7-digit arrangements, clearly, 5 —; =420, But, thiswill include those

numbers also, which have 0 at the extreme left position. The number of such

6!
arrangements 37, (by fixing O at the extreme left position) = 60.

Therefore, the required number of numbers = 420 — 60 = 360.

If one or more than one digits given in the list is repeated, it will be
understood that in any number, the digits can be used as many timesasisgivenin
theligt, e.g., in the above example 1 and O can be used only once whereas 2 and 4
can be used 3 times and 2 times, respectively.

Example 24 In how many ways can 5 girls and 3 boys be seated in arow so that no
two boys are together?

Solution Let us first seat the 5 girls. This can be done in 5! ways. For each such
arrangement, the three boys can be seated only at the cross marked places.
XxXGxGxGxGxGx,
There are 6 cross marked places and the three boys can be seated in °P, ways.
Hence, by multiplication principle, thetotal number of ways
=5l x °P_ = 5!><g

=4x5x2%x3x4x5x%x6 =14400.

Miscellaneous Exercise on Chapter 7

1. How many words, with or without meaning, each of 2 vowels and 3 consonants
can be formed from the letters of the word DAUGHTER ?

2. How many words, with or without meaning, can beformed using all theletters of
theword EQUATION at atime so that the vowel s and consonants occur together?

3. A committee of 7 hasto be formed from 9 boys and 4 girls. In how many ways
can this be done when the committee consists of:

(i) exactly 3girls? (ii) atleast 3girls?  (iii) atmost 3 girls?
4. If the different permutations of all the letter of the word EXAMINATION are



10.

11.
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listed asin a dictionary, how many words are there in this list before the first
word starting with E ?

How many 6-digit numbers can be formed from the digits 0, 1, 3, 5, 7 and 9
which aredivisibleby 10 and no digit isrepeated ?

The English alphabet has 5 vowels and 21 consonants. How many words with
two different vowels and 2 different consonants can be formed from the
aphabet ?

In an examination, a question paper consists of 12 questions divided into two
partsi.e., Part 1 and Part 1, containing 5 and 7 questions, respectively. A student
isrequired to attempt 8 questions in all, selecting at least 3 from each part. In
how many ways can a student select the questions ?

Determine the number of 5-card combinations out of a deck of 52 cardsif each
selection of 5 cards has exactly one king.

Itisrequired to seat 5 men and 4 women in arow so that the women occupy the
even places. How many such arrangements are possible ?

From aclass of 25 students, 10 are to be chosen for an excursion party. There
are 3 students who decide that either al of them will join or none of them will
join. In how many ways can the excursion party be chosen ?

In how many ways can the |etters of the word ASSASSINATION be arranged
so that all the S's are together ?

Summary

@ Fundamental principle of counting If an event can occur in m different

ways, following which another event can occur in n different ways, then the
total number of occurrence of the eventsin the given order ism x n.

@ The number of permutations of n different things taken r at a time, where

n!
repetition is not allowed, is denoted by "P. and is given by "P. = m

where0<r <n.

®n=1x2x%x3x..xn

®n=nx(n-1)"!

@ The number of permutations of n different things, taken r at a time, where
repeatitionisallowed, isn'.

¢ The number of permutations of n objectstaken all at atime, wherep, objects
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are of first kind, p, objects are of the second kind, ..., p, objects are of the k"

n!
kind and rest, if any, are | differentis ‘ny 1 p1-

© Thenumber of combinationsof n different thingstakenr at atime, denoted by

n!
"C ,isgivenby "C = Zm,OSrgn.

Historical Note

The concepts of permutations and combinations can be traced back to the advent
of Jainism in India and perhaps even earlier. The credit, however, goes to the
Jains who treated its subject matter as a self-contained topic in mathematics,
under the name Vikalpa.

Among the Jains, Mahavira, (around 850A.D.) is perhapsthe world' s first
mathematician credited with providing the general formul ae for permutations and
combinations.

Inthe 6th century B.C., Sushruta, in hismedicinal work, Sushruta Samhita,
asserts that 63 combinations can be made out of 6 different tastes, taken one at a
time, two at atime, etc. Pingala, a Sanskrit scholar around third century B.C.,
gives the method of determining the number of combinations of agiven number
of letters, taken one at a time, two at a time, etc. in his work Chhanda Sutra.
Bhaskaracharya (born 1114 A.D.) treated the subject matter of permutations
and combinations under the name Anka Pasha in his famous work Lilavati. In
addition to the general formulae for "C_and "P, aready provided by Mahavira,
Bhaskaracharya gives several important theorems and results concerning the
subject.

Outside India, the subject matter of permutations and combinations had its
humbl e beginningsin Chinain the famous book |I—-King (Book of changes). Itis
difficult to give the approximate time of thiswork, sincein 213 B.C., theemperor
had ordered all booksand manuscriptsin the country to be burnt which fortunately
was not completely carried out. Greeks and later Latin writers also did some
scattered work on the theory of permutations and combinations.

Some Arabic and Hebrew writers used the concepts of permutations and
combinations in studying astronomy. Rabbi ben Ezra, for instance, determined
the number of combinations of known planetstaken two at atime, three at atime
and so on. This was around 1140 A.D. It appears that Rabbi ben Ezra did not
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know the formula for "C . However, he was aware that "C = "C__ for specific
valuesnandr. In 1321 A.D., Levi Ben Gerson, another Hebrew writer came up
with the formulae for "P , "P_and the general formula for "C .

The first book WhICh glv&s a complete treatment of the subject matter of
permutations and combinations is Ars Conjectandi written by a Swiss, Jacob
Bernoulli (1654 — 1705 A.D.), posthumously published in 1713 A.D. This book
contains essentially the theory of permutations and combinations as is known
today.
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