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RELATIONS AND FUNCTIONS

KEY CONCEPT INVOLVED

Relations - Let A and B be two non-empty sets then every subset of A x B defines a relation from A to B
and every relation from A to B is a subset of A x B.
Let R c A x Band (a, b) € R. then we say that a is related to b by the relation R as aRb. If (a, b) R as

a g b.
Domain and Range of a Relation - Let R be a relation from A to B, that is, let R < A x B. then Domain
R={a:ae A, (a,b) e Rforsomeb € B} i.e. dom. R is the set of all the first elements of the ordered pairs
which belong to R. Range R=(b :b € B, (a, b) € R for some a € A} i.e. range R is the set of all the second
elements of the ordered pairs which belong to R. Thus Dom. R c A, Range R ¢ B.
Inverse Relation - Let R — A x B be a relation from A to B. Then inverse relation R™' = B x A is defined by
R {(b,a):(a,b) eR}
It is clear that

(i) aRb=bR'a

(i) dom. R™' =range R and range R"! =dom R.
i) (R '=R.
Composition of Relation - Let R c A x B, S © B x C be two relations. Then composition of the relations
R and S is denoted by SoR — A x C and is defined by (a, ¢c) € (SoR) iff b € B such that (a, b) €
R, (b,c) € S.
Relations in a set - let A (# ¢) be aset and R < A X Ai.e. Ris arelation in the set A.
Reflexive Relations - R is a reflexive relation if (a, a) € R, V¥ a €R it should be noted that if for anya €A

such thata R a. then R is not reflexive.

Symmetric Relation - R is called symmetric relation on Aif (x, y) eR = (y, x) €R.
i.e. if x isrelated toy, then y is also related to x.
It should be noted that R is symmetric iff R~' = R.
Anti Symmetric Relations - R is called an anti symmetric relation if (a, b) eR and (b, a) eER = a=b.
Thus if a # b then a may be related to b or b may be related to a but never both.
Transitive Relations - R is called a transitive relation if (a, b) €R (b, ¢) eER = (a, ¢) eR
Identity Relations - R is an identity relation if (a, b) eR iffa =b. i.e. every element of A is related to only
itself and always identity relation is reflexive symmetric and transitive.
Equivalence Relations - arelation R in a set A is called an equivalence relation if

() Risreflexiveie.(a,a)eR VaeA

(i) Rissymmetrici.c. (a, b) eR = (b,a) eR

(ii)) R is transitive i.e. (a, b), (b, c) eR = (a, c¢) eR.
Functions - Suppose that to each element in a set A there is assigned, by some rule, an unique element of
a set B. Such rules are called functions. If we let f denote these rules, then we write f: A — B asfisa
function of A into B.
Equal Functions - If fand g are functions defined on the same domain A and if f(a) = g (a) for every
a €A, thenf=g.
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Constant Functions - Let f: A— B. If f(a) =b, a constant, for alla € A, then fis called a constant function.
Thus fis called a constant function if range f consists of only one element.
Identity Functions - A function fis such that A — A is called an identity function if f(x) =x, V x € Aitis
denoted by I,.
One-One Functions (Injective) - Let f: A — B then fis called a one-one function. If no two different
elements in A have the same image i.e. different elements in A have different elements in B.
Denoted by symbol f'is one-one if

fla)=f(a")=a=a'
ie. aza =>f(a)=f(a")
A mapping which is not one-one is called many one function.
Onto functions (Surjective) - In the mapping f: A — B, if every member of B appears as the image of
atleast one element of A, then we say “f'is a function of A onto B or simply fis an onto functions” Thus
fisonto ifff(A)=B
ie. range = codomain
A function which is not onto is called into function.
Inverse of a function - Let f: A— B and b € B then the inverse of bi.e. f! (b) consists of those elements
in A which are mapped ontobi.e. ! (b)= {x;x € A, f(x) eb}
- f1(b)c A, f! (b) may be a null set or a singleton.
Inverse Functions - Let f: A — B be a one-one onto-function from A onto B. Then for each b € B.
f1(b) € A and is unique. So, ! : B— A is a function defined by f! (b) = a, iff f(a) =b.
Then f! is called the inverse function of f. If f has inverse function, f is also called invertible or non-
singular.
Thus fis invertible (non-singular) iff it is one-one onto (bijective) function.
Composition Functions - Let f: A— Band g: B — C, be two functions,
Then composition of fand g denoted by gof : A — C is defined by (gof) (a) =g {f(a)}.
Binary Operation - A binary operation % on a set A is a function % : AXA — A. We denote % (a, b)bya xb
Commutative Binary Operation - A binary operation % on the set A is commutative if for everya, b € A,
axb=bx a
Associative Binary Operation - A binary operation % on the set A is associative if
(asxb)xc=a=x(b=xc).
An Identity Element e for Binary Operation - Let « : A x A— A be a binary operation. There exists an
elemente € Asuch thata xe=a=e xa V a € A, then eis called an identity element for Binary Operation = .
Inverse of an Element a - Let = : A x A — A be a binary operation with identity element e in A.
an element a € A is invertible w.r.t. binary operation x, if there exists an element b in A such that
a+ b=e=b % a.and b is called the inverse of a and is denoted by a~!.

CONNECTING CONCEPTS

In general gof # fog.

f: A — B, be one-one, onto then

f1of=1, and fof ' =1,

f:A—>B,g:B>C,h:C—>D

then (hog) of = ho (gof).

f: A— B, g : B — Cbe one-one and onto then gof : A — C is also one-one onto and (gof) ! =flog.
Let : A — B, then I of = f and fol, = f. It should be noted that foly is not defined since for
(folp) (x)=fo {Iy (x)} = f(x)

I (x) exist when x € B and f(x) exist when x € A

f: A— B, g: B— Care both one-one, then gof : A — C is also one-one it should be noted that for gofto
be one-one f must be one-one.

Iff: A— B g: B— C are both onto then gof must be onto. However, the converse is not true. But for gof
to be onto g must be onto.
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The domain of the functions
(g (x) =f(x) +g(x)
(f-g)(x) =f(x)-gx)
(fo) (x) =f(x) g(x)

f(x
is given by (dom. f) N (dom g) while domain of the function (f/g) (x) =

g(x)
(dom f) n (dom. g)— {x: g(x)=0}
IfO (A) =m, O (B) =n, then total number of mappings from A to Bisn™.
IfA and B are finite sets and O (A)=m, O (B)=n,m <n.

is given by.

n!
Then number of injection (one-one) from AtoBis"P,_=

(n—m)!
Iff: A - Bis injective (one-one), then O(A) <O (B).
Iff: A — Bis surjective (onto), then O (A) > O (B).
Iff: A — Bis bijective (one-one onto), then O (A) = O (B).
Letf: A— Band O (A)=0 (B), then fis one-one < it is onto.
Letf: A—Band X, X, c A, then fis one-one iff f (X, " X,) = f(X,) n f (X,)
Letf:A—Band X A,Y < B, thenin general ! (f(x)) c X, f(f!(y)) <Y
If fis one-one onto f! (f(x))=x, f(f! (y))=Y.
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