1.

INTEGRALS

KEY CONCEPTS INVOLVED

Integration — The process of finding the function f(x) whose differential coeffiicient w.r.t. °x’, denoted by

F (x) is given, is called the integration of f (x) w.r.t. x and is written as I F(x) dx=f(x)

Thus, integration is an inverse process of differentiation or integration is anti of differentiation.
The differential coefficient of a constant is zero. Thus if ¢ is an arbitrary constant independent of x. then

(;ix[f(x)-lrc]:F(x)Thus JF(x)dx=f(x)+c

The arbitrary constant c is called the constant of integration.
Integration by Substitution

(a) To evaluate the integral Jf (ax+b)dx

Putax + b=t,sothatadx=dt i.e, dx =ldt
a

jf(ax+b)dx=J'f(t)édt =é F(t), wherejf(t)dt=F(t)=F(ax+b)

Ifa function is not in some suitable form to find the integration, then we transform it into some suitable
form by changing the independent variable x to t by substituting x = g (t).

Consider I=Jf(x) dx

Put x= g (t), so that ((11% =g'(t)

We write dx=g'(t)dt

Thus I=Jf(x)-dx= If(g(t) g (t)dt

But it is very important to guess, what will be the useful substitution.

f'(x) . _
(b) Jf(x) dx=log f(x)+c

© [P Godx=F 0"/ (n+1) +c

(d) Some important substitutions

function Substitutions
a2 —x2 x=asin® orx=acos0
a2 +x2 x=atan©
x2 — g2 x=asecO

Trigonometrical transformations — For the integration of the trigonometrical products such as
sin?x, cos?x, sin’x, cos®x, sin ax cos bx etc.they are expressed as the sum or difference of the sines and
cosines of multiples of angles.



4.

Integration of Some Special Integrals —

dx dx
2
(a)ForJ.aszrberc,J. ax2+bx+cand~[ ax“ + bx + c dx

24bx+c= NI JI x+£2+£—i =a x+£2+
ax>+bx+c=a A 2a a  4a2 2a

b 4ac — b2
Putx+—_—=t, .. dx=dt,aC72=ik2, ax?+ bx + c changes to > + k?
2a 4a

X dx X dx
oy For [ 3+ ,IJET}%:;,I@X+®J@#+bx+®dx

ax?+bx +c¢
d
Put px +q=A & (ax®>+bx+c)+B
Compare the two sides and find the value of A and B.
Ai(ax2+bx+c)+B
dx

Thus J. pX + 9 dx=J.

ax?+bx +¢

(ax? + bx + ¢)
a4 (ax? + bx + ¢) dx

=A[dx x+B|———
J.(ax2+bx+c) * J.(ax2+bx+c)

i(ax2+bx+c)

Similarly.’.pxiwdx =AJ' dx
Jax? +bx + ¢ JaxZ+bx + ¢
same as doj(px +q)/ax?+bx +c dx,
d 1
(c)ForJ. X putx +k=—
(x + k) yJax?> + bx + ¢ t
dx _
(@ For | 5
JE —a) (x = p) p—x

j (X — ) (x — B) dx , Putx = 0.cos20+ B sin20

dx+BJ.

&
JaxZ+bx + ¢

J dx J dx J dx
©For J T bcosx Ja+bsinx Ja+bcosx+csinx

4ac — b2]

4a?

, t2—k?ork?—t?

sinx=[2 tan ;j/(l + tan’ %) ,cosx=[1 — tan ;J/(l + tan’ %) then puttan x/2 =t

p cosX + gsinx

(f) For

a+ bcosx + bsinx

Put p cos x+ ¢ sin x=A (a+bcosx + bsin x) + B differential of (a + b cos x +bsin x) + C
A, B and C can be calculated by equating the coefficients of cos x. sin x and the constant terms.

du
5. Integraﬁonbypartsju'v dx = u'JV dx — J{d . Jvdx} dx

X

i.e., the integral of the product of two functions = (first function) x (Integral of the second function —

Integral of {(dfferential of first function) x (Integral of second function)}
This formula is called integration by parts.



Partial Integration — To Evaluate J P () dx
Q)

The rational functions which we shall consider here for integration purposes will be those whose
denominators can be factorised into linear and quadratic factors.

P(x
If Q((x) is improper fraction, i.e., degree of numerator is equal or greater than the degree of denominator.
. . P P (%) . .
Then first we reduce in proper rational function as QX)) T(x)+ m where T (x) is a polynomial in x
X
P : :
and is a proper rational function.

Q(x)
After this, the integration can be carried out easily using the already known methods. The following Table

7.1 indicates the types of simpler partial fractions that are to be associated with various kind of rational
functions.

Table 7.1
S. No. Form of the rational function Form of the partial fraction
: pxX—q La%b A . B
' (x-a) (x-b) x-a x-b
5 pxX+q A N B
. (x—a)? x—a (x-b)?
px24+qx+r A B C
3. + +
(x—a) (x—b) (x—c¢) x—a X-b x-c
2
" pPXc +qx+r1 A N B 4 C
(x—a)*(x—b) x—a (x-a)> x-b
5 px2+qgx+r A . Bxsc
: (x—a) (x% +bx +c) x—a x2+bx+c
Where x? + bx + ¢ can not be
factorised further

In the above table, A, B and C are real numbers to be determined suitably.
Definite Integral — The definite integral of f{(x) between the limits a to bi.e. in the interval [a,b] is denoted

b b
byJ. f(x) dx and is defined as follows.J. f(x) dx = [F(x)]° = F(b) — F(a) where If(x) dx = F(x)
General Properties of Definite Integrals —
b b
Prop. I j f(x) dx= j £(t) dt
Prop. II J'bf(x) dx=— J'af(x) dx
a b
b c b
Prop. III J' £(x) dx:J. £ (x) dx+J' f(x) dx wherea<c<b

b b
Prop. 1V [ f(x)dx=[ f(a+b-x) dx
a a



i 't [fa-xd
In particualr J.o (x) dx J.o (a — x) dx
2a
Prop. V .[o f(x) dx
Prop. V J' Y fx)dx =2 J' " (x) dx, iff(x)is even function
-a 0
J' " £(x) dx = 0, if f(x) is odd function
_2“13 a a
Prop. VI j f(x) dx =2I f(x) dx +I f(2a-x) dx
0 0 0
2a a
Prop. VIL [ £ dx =2 160 dx, iff(2a—x)= £

J' £ (x) dx = 0, iff(2a—x)=—f(x)
0

9. Definite Integral as the limit of a sum

J'bf(x) dx = Lim h[f(a)+f(a+h)+f(a+2h)+ - +f<a+(n—1)h)]

a h—0

or J'bf(x) dx = Lim h [f(a+h)+ f(a+2h)+ f(a+3h) + - +f(a+nh)

a h—0
b-a

n

where, h

d X) d d
— f)dt="1 {v(x)} —v(x) —f {u(x)} — u(xX) thisruleiscalled leibnitz’s is Rule.
dx Ju(x) dx dx

CONNECTING CONCEPTS

1. Integration is an operation on function
2. J' [k, £) + Ko B(X) Forvrrrrn. +k, £, (x)]dx

—K, J‘f](x)derkZJ‘fz(x)der ............ +knJ‘fn(x)dx

3. All functions are not integrable and the integral of a function is not unique.
If a polynomial function of a degree n is integrated we get a polynomial of degree n + 1
4. Integration by using standard formulae —

1. Jkdx =kx + ¢, k is constant

=

2. J'kf(x)dx=kj'f(x)dx+c

3 j (£,(x) £ ()] dx = j fi(x)dx + j ) dx +c

Xn+]

4. Jx“dx= +c(m=-1)

n+l1

5. jldx=1oge|x|+c
X

log_ a

7. Ie"dx=e"+c

6. Ja"dx= +c,a>0



|92

. Isinxdx=—cosx+c

[o)

. Icosxdx=sinx+c

~

Iseczxdx=tanx+c

I

Icoseczx dx=—cotx+c

°

Isecxtanxdx=secx+c
10. Icosecxcotxdx=—cosecx+c
11. Itanxdx=log|secx|+c=—log|cosx|+c

1

N

Icotxdx=log|sinx|+c
13. Isecxdx=log|secx+tan X|+¢

14. Icosec x dx =log|cosec x —cot x|+ ¢

15. dx=sin"'x+c or —cos'x+c

fﬁ

16.J dx=tan"'x+c¢ or —cot!'x+c
1+ x2

1
17. _[ dx=sec'x+c or—cosec'x+c
xvx2 -1

dx I, (x
.Jﬁzftan —|+c
X" +a” a a

18
dx 1 X—a
19.J. =—1o +c,X>a
x2—a? 2a gx+a
dx 1 a+x
20.j LI +e x<a
a?—x? 2a gafx

21. J‘dix = sin™! (Xj +c
a2 _ X2 a
22.j
Jx2 + a2
3. J‘dix
JJx2 — a?

X
24J sec‘( j+c
x,/x —a?
25. J\Iaz - x2 dx = % Jaz—x? + % a?sin”! (Xj +c
a

= log x +x2—a% +¢



26'.[ x2 + a2 dx=§\1x2+a2 +%azlog x+\lx2+a2‘+c
27. J‘sz—a2 dx:%dxz—a2 —%azlogx+,/x2—a2+c

28. Iex [fx)+f (x)]dx=ef(x)+c

29. Use of Trigonometric Identities in Integration.

(i) sin 1 —cos 2x 2 1+ cos 2x

i) sin?fx=—"1-—",C08" X =————
2 2

. . 5 3sinx —sin3x 3 3cosx + cos3x

(ii) sin X=T s eesxE

(ii)) 2 sinA cos B=sin (A +B) +sin (A—B)
2 cos Asin B=sin (A +B)—sin (A—B)
2 cos A cos B=cos (A + B) + cos (A—B)
2 sin A sin B=cos (A —B) + cos (A + B)

(iv) sinx=2sin (;j - €08 (;j

- n (n+1)
30.() 1+2+3+-ee +n:f

_n (n+1) 2n-1)

(ﬁ) 124224324 +n2 6

2
(iii) 13+23+ 32+ e +n3={n (n;l)}

(iv)a+(a+d)+ @+ 2) + oo+ [a+ (-1 d] = [2a+ (0~ 1))

a(r™ —1)

(v) atar+ar+ . farntl= :
r_
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