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1. Definitions

A set is a well-defined class or collection of objects. By a well-defined collection we mean that there exists
a rule with the help of which it is possible to tell whether a given object belongs or does not belong to
the given collection. The objects in sets may be anything, numbers, people, mountains, rivers etc. The
objects constituting the set are called elements or members of the set.

A set is often described in the following two ways.

(1) Roster method or Listing method: In this method a set is described by listing elements, separated
by commas, within braces {}. The set of vowels of English alphabet may be described as {a, e, i, 0, u}.

The set of even natural numbers can be described as {2, 4, 6.......... }. Here thedots stand for ‘and so on'.

Note: U The order in which the elements are written in a set makes no difference, Thus {a, e, i, o, u} and {e, a,1i,
0, u} denote the same set. Also the repetition of an element has \g effegt. Foriexamiple, {1, 2, 3, and 2} is the same
setas {1, 2, and 3}

(2) Set-builder method or Rule method: In this method, a set is described by a characterizing property
P(x) of its elements x. In such a case the set is described by {x: P(x) holds} or {x | P(x) holds}, which is read
as ‘the set of all x such that P(x) holds’. The symbol ‘| or * is read as ‘such that'.

The set E of all even natural numbers can be written as
E = {x | x is natural number and x= 2n for.n € N}
or E={x|xeN,x=2n,n e N}
or E={xeN|x=2n,ne N}
The set A={0,1,4,9,16,...} can be written as A = {x?| x € Z}

Note: Symbols

Symbol Meaning
= Implies
€ Belongs to
AcB A is a subset of B
S Implies and is implied by
2 Does not belong to
s.t. Such that
A For every

There exists
2
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Symbol Meaning

iff If and only if

& And

alb ais a divisor of b

N Set of natural numbers
lorz Set of integers

R Set of real numbers

C Set of complex numbers
Q Set of rational numbers

2. Types of Sets

(1) Null set or Empty set: The set which contains no element at all is called the null set. This set is
sometimes also called the ‘empty set’ or the ‘void set’. It.is denoted by the symbol ¢ or {}.

A set which has at least one element is called a non-empty set.
Let A={x:x?+1=0and x is real)

Since there is no real number which satisfies the equation x® + 1 =0, therefore the set A is empty set.

Note: If A and B are any two empty séts, thempXx € A iff X € B is satisfied because there is no element x in either A
or B to which the condition may be applieé: Thus A = B. Hence, there is only one empty set and we denote it by ¢ .

Therefore, article 'the’ isdised before empiy 'set.

(2) Singleton set: A set consisting of a single element is called a singleton set. The set {5} is a singleton
set.

(3) Finite set: A set is called a finite set if it is either void set or its elements can be listed (counted,
labelled) by natural number 1, 2, 3, ... and the process of listing terminates at a certain natural number n

(say).

Cardinal number of a finite set: The number n in the above definition is called the cardinal number or
order of a finite set A and is denoted by n(A) or O(A).
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(4) Infinite set: A set whose elements cannot be listed by the natural numbers 1, 2, 3, ...., n, for any
natural number n is called an infinite set.

(5) Equivalent set: Two finite sets A and B are equivalent if their cardinal numbers are same i.e.n (A)=n
(B).
Example: A ={1,3,5,7}; B={10, 12,14,16} are equivalent sets [.- O(A)=0(B)=4]

(6) Equal set: Two sets A and B are said to be equal iff every element of A is an element of B and also
every element of B is an element of A. We write “A = B” if the sets A and B are equal and “A = B” if the
sets A and B are not equal. Symbolically, A=Bifx e A< x € B.

The statement given in the definition of the equality of two sets is also known as the axiom of extension.
Example: If A={2,3,5,6} andB ={6,5,3,2}. Then A =B, because each element of A is an element of B

and vice-versa.

Note: Equal sets are always equivalent but equivalent sets may neeg not be egual set.

(7) Universal set: A set that contains all sets in a given context is called the universal set.
or

A set containing of all possible elements which occur in the discussion is called a universal set and is
denoted by U.

Thus in any particular discussion, no element can exist out of universal set. It should be noted that
universal set is not unique. It may differ in problem to problem.

(8) Power set: If S is any set, then the family of all the subsets of S is called the power set of S.
The power set of Sis denoted by P(S). Symbolically, P(S) = {T: T < S}. Obviously ¢ and S are both
elements of P(S).

Example: Let S ={a, b, c}, then P(S) ={¢, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}.

Note: O If A =¢, then P(A) has one elementg, .. n[P(A)]=1

U Power set of a given set is always non-empty.

Q If A has n elements, then P (A) has 2" elements.

4 P@)=1{¢}
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P(P(9) ={s.{4}} = PIP(P@)]=4¢.{s}.{{s}}{4.{4}}}
Hencen{P[P(P(#))]}=4.

(9) Subsets (Set inclusion): Let A and B be two sets. If every element of A is an element of B, then A is
called a subset of B.

If A is subset of B, we write A c B, which is read as “A is a subset of B” or “A is contained in B”.

Thus, AcB=>acA=aeB.

Note: U Every set is a subset of itself.
U The empty set is a subset of every set.

4 The total number of subset of a finite set containing n elements is 2",

Proper and improper subsets: If A is a subset of B and A = B, then A is a proper subset of B. We write
thisasAcB.
The null set ¢ is subset of every set and every set is;subset of itself, i.e., ¢ — A and Ac A for every set A.

They are called improper subsets of A. Thus every non-empty set has two improper subsets. It should be
noted that ¢ has only one subset ¢ which is improper. Thus A has two improper subsets iff it is non-

empty.

All other subsets of A are called its proper subsets. Thus, if Ac B, A=B,A#¢,then Aissaid to be
proper subset of B.

Example: Let A ={1,2}. Then A has ¢;{L},{2},{1, 2} as its subsets out of which ¢ and {1, 2} are improper
and {1} and {2} are proper subsets.

3. Venn-Euler Diagrams

The combination of rectangles and circles are called Venn-Euler diagrams or simply Venn-diagrams.
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In venn-diagrams the universal set U is represented by points within a rectangle

and its subsets are represented by points in closed curves (usually circles) within U
the rectangle. If a set A is a subset of a set B, then the circle representing A is @

drawn inside the circle representing B. If A and B are not equal but they have

some common elements, then to represent A and B we draw two intersecting

circles. Two disjoints sets are represented by two non-intersecting circles.

4. Operations on Sets

(1) Union of sets: Let A and B be two sets. The union of A and B is the set of all elements which are in
set A or in B. We denote the union of Aand Bby AUB

Which is usually read as “A union B”.

Symbolically, AUB={x:x e A or x e B}.

It should be noted here that we take standard mathematical usage of “or”. When

we say that x € A or x eB we do not exclude the possibility that x is a member of both A and B.

Note: If A, A,,...... , A

n
i=1

(2) Intersection of sets: Let A and B be two sets. The intersection of A and B is the set of all those
elements that belong to both A and B.

n
is a finite family.of sets, then their union is denoted by JA; orA; U A, U A;...... UA,.

The intersection of A and B.is denoted by A n B (read as “A intersection B”)

Thus, AnB={x:x e Aand x € B}.

Clearly, x e AnB< x e Aand x € B.

In fig. the shaded region represents A N B. Evidenty AnBc A AnBcB.

n
is a finite family of sets, then their intersection is denoted by ) A, or

i=1

Note: If A, A, Ay, , A

n
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(3) Disjoint sets: Two sets A and B are said to be disjoint, if AN B =¢. If A B = ¢, then A and B are said
to be non-intersecting or non-overlapping sets.

In other words, if A and B have no element in common, then A and B are called disjoint sets.

Example: Sets {1, 2}; {3, 4} are disjoint sets.

(4) Difference of sets: Let A and B be two sets. The difference of A and B written as A — B, is the set of all

those elements of A which do not belong to B.
U
Thus, A-B={x:x e Aand x ¢ B} g’ (“‘?}/
or A-B={xeAxeB . ‘%

{ : » 7
B A B

Clearly, x e A—-B< x e Aand x ¢ B. In fig. the shaded part A
represents A — B.

Similarly, the difference B — A is the set of all those elements of B that.do not belong to A i.e.
B-A={xeB:x¢gA}
Example: Consider the sets A ={1,2,3} andB ={3,4,5},then A -B={1,2};B - A={4,5}

As another example, R — Q is the set of all irrational numbers.

(5) Symmetric difference of two sets: Let A and B be two sets. The symmetric difference of sets A and
B is the set (A—-B)uU(B - A) and is denoted by AAB. Thus, AAB = (A-B)u(B-A)={x:x¢ An B}

(6) Complement of a set: Let U be the universal set and let A be a set such that A < U. Then, the
complement of A with respect to U is denoted by A’ or A° or C(A) orU—-Aand is

defined the set of all those elements of U which are not in A. f y
Thus, A'={x e U x ¢ A}l
Clearly, xe Ao xe A

Example: Consider U ={1, 2,......, 10} and A ={1, 3,5,7,9}.
Then A'={2,4,6,8,10}

5. Some Important Results on Number of Elements in Sets

If A, B and C are finite sets and U be the finite universal set, then
() n(AuB)=n(A)+n(B)-n(ANnB)
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(2) n(AuB)=n(A) +n(B) < A, B are disjoint non-void sets.

B)n(A-B)=n(A)-n(AnB)ie.n(A-B)+n(AnB)=n(A)

(4) n (A A B) = Number of elements which belong to exactly one of A or B
=n((A-B)u (B-A))
=n(A-B)+n(B-A) [+ (A-B)and (B - A) are disjoint]
=n(A) - n(A n B) + n(B) — n(A n B) = n(A) + n(B) — 2n(A N B)

(5) nNAuBuUC)=n(A)+nB)+nC)-nANB)-NBNC)-nANC)+n(AnBNC)

(6) n (Number of elements in exactly two of the sets A, B,C)=n(AnB)+n(BNnCy+n(CnA)-3n
(AnNBNC)

(7) n (Number of elements in exactly one of the sets A, B, C) = n.(A) + n (B) + n(C)
-2n(AnB)-2n(BnC)-2n (AnC)+3n (AnB N C)

B n(AAuB)=n(AnB)Y)=nU)-n(AnB)

Q) nAAnB)=n(AuB) =n(U)-n(AuUB)

6. Laws of Algebra of Sets

(1) Idempotent laws: For any set A, we have
(i) AUA=A (i) AnA=A

(2) Identity laws: For any set A, we have

i) Aud=A (iIAnU=A
8
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i.e. ¢ and U are identity elements for union and intersection respectively.

(3) Commutative laws: For any two sets A and B, we have

()AuB=BUA (Il AnNnB=BnNnA (iii) AAB=BAA
i.e. union, intersection and symmetric difference of two sets are commutative.
(v A-B=B-A (iv) AxB=BxA

i.e., difference and Cartesian product of two sets are not commutative

(4) Associative laws: If A, B and C are any three sets, then
N)(AuB)uC=AuBuUC) (i)An(BNC)=(AnB)C (iii) (AAB)AC = AA(BAC)
I.e., union, intersection and symmetric difference of two sets are associative.

(iv) (A-B)-C#A-(B-C) (v) (AxB)xC # Ax(BxC)

i.e., difference and Cartesian product of two sets are not associative.

(5) Distributive law: If A, B and C are any three sets, then
NAUBNC)=(AUB)Nn(AUC)(I)AnBUC)=(AnB)U(ANC)

i.e. union and intersection are distributive over intersection and union respectively.
(i) Ax(BNC)=(AxB)n(AxC) (iv) Ax(BuUC)=(AxB)U(AxC) (V)
Ax(B-C)=(AxB)-(AxC)

(6) De-Morgan’s law: If A and B are anytwo sets, then
(i) AuBY=A"NnB (Y (AnB)Yy=A"UB
(i) A—-BuC)=(A=B)n(A=C) .(v) A—-BnC)=(A-B)uU(A-0C)

Note: Theorem 1: If A and B are any two sets, then

() A-B=AnP (i) B-A=BnA’

(i) A~-B=A=ANnB=9¢ (ivy(A-B)uB=AuUB

(V) A-B)nB=¢ ViAcB< B cA

(viii) (A-B)yu(B-A)=(AuB)-(ANB)

Theorem 2: If A, B and C are any three sets, then

i) A-BnC)=(A-B)u(A-C) (i)A-BuUC)=(A-B)n(A-C)
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(i) AN(B-C)=(AnB) -(AnC) (V)ANBAC)=(ANB)AANC)

7. Cartesian Product of Sets

Cartesian product of sets: Let A and B be any two non-empty sets. The set of all ordered pairs (a, b)
such that a € A and b € B is called the Cartesian product of the sets A and B and is denoted by A x B.

Thus,AxB=[(a, b):ae Aand b € B]
If A = ¢ or B =¢, then we define A x B =¢.
Example: Let A={a, b, c} and B = {p, q}.

Then A x B = {(a, p), (& q), (b, p), (b, ), (¢, p), (¢, A)}
Also B x A ={(p, a), (p, b), (p. ). (9, &), (q, b), (q, C)}

Important theorems on Cartesian product of sets:

Theorem 1: For any three sets A, B, C
() Ax BUC)=(AxB)UAxXC) (INAxBnCy=(AxB)n(AxC)

Theorem 2: For any three sets A, B, C
AxB-C=(A%xB)-(AxC)

Theorem 3: If A and B are any two non-empty sets, then
AxXxB=BxA<A=B

Theorem 4: IfAc B, thenAxXxAc(AxB)n(BxA)
Theorem 5: If Ac B, then A x C c B x C for any set C.
Theorem 6: fAcBand Cc D, thenAxCcBxD

Theorem 7: For any sets A, B,C, D
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(AxB)(CxD)=(ANC)x(BnD)

Theorem 8: For any three sets A, B, C
AxB uC)y=AxB)n(AxC)
(i) AxB NC)Y=(AxB)U(AxC)

Theorem 9: Let A and B two non-empty sets having n elements in common, then A x B and B x A have
n? elements in common.
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