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1. Definition

A parabola is the locus of a point which moves in a plane such that its distance from a fixed point (ie,

focus) in the plane is always equal to its distance from a fixed straight line (ie, directrix) in the same
plane.

General equation of a parabola: Let Sbe the focus, ZZ' be the directrix and let £ be any point on the
parabola. Then by definition,

4
SP = PM (-e=1
M P(x,y)
Jx—a)? +(y - p)° _Ax+By+C g /
A? + B2 8§
xa S(a,p)
Or  (A2+B2){x—a)’ +(y—B)|=(Ax +By +C) < Focus
z
2. Standard equation of the Parabola
Let Sbe the focus ZZ'be the directrix of the parabola and (x,y)be any point on parabola.
Let AS = AK =a(>0)then coordinate of Sis (g, 0) and the equation of KZis x =—aor x+a=0
Now SP =PM = (SP)? =(PM)? —
= (x—a)° +(y -0)* =(@+x)* LT TPiy)
K
. y2 = 4ax X x| AN [@0) *
Which is the equation of the parabola in its standard form. § Y
Clz vy y2=4ax
Some terms related to parabola
(a,2a0) q 1-'(!1,2@)
LT f—Focal chord
Directrix _M) «— Double ordinate
Focal distancle
IS
z Axis
° Latus rectum
) v~
v 2 ogadan)
v " o <
@ - O" ﬁ @' www.testprepkart.com
— : bd : u g info@testprepkart.com
- v

Preparation Classes Counseling Sessions Online Test Free Trial Classes (O +91 - 8800 1234 92



Te

yjelsle] Kart

For the parabola y? = 4ax,

(1) Axis: A straight line passes through the focus and perpendicular to the directrix is called the axis of
parabola.

For the parabola y? = 4ax, x-axis is the axis. Here all powers of y are even in y? = 4ax.Hence parabola

y? =4ax is symmetrical about x-axis.

(2) Vertex: The point of intersection of a parabola and its axis is called the vertex of the parabola. The
vertex is the middle point of the focus and the point of intersection of axis and the directrix.

For the parabola y? = 4ax, A(0,0)i.e., the origin is the vertex.

(3) Double-ordinate: The chord which is perpendicular to the axis of parabola or parallel to directrix is
called double ordinate of the parabola.

Let QQ'be the double-ordinate. If abscissa of Qis A then ordinate of Q y? =4ahor y = 2+/ah
(for 1""Quadrant) and ordinate of Q'is y =-2ah (for Ivth Quadrant). Hence coordinates of Qand Q’are
(h,ZM)and (h,—Z@) respectively.

(4) Latus-rectum: If the double-ordinate passes through the focus of the parabola, then it is called latus-
rectum of the parabola.
Coordinates of the extremeties of the latus rectum are L(a,2a) and L'(a,— 2a) respectively.

Since LS =L'S =2a ..Length of latus rectum LL'=2(LS)=2(L'S)=4a.

(5) Focal Chord: A chord of a parabola which is passing through the focus is called a focal chord of the
parabola. Here PP and LL' are the focal chords.

(6) Focal distance (Focal length): The focal distance of any point Pon the parabola is its distance from
the focus Sie, SP.
Here, Focal distance SP= PM = x +a

Note : O If length of any double ordinate of parabola y? = 4ax is 2l, then coordinates of end points of

2 2
this double ordinate are (I— ,IJ and (I— ,—IJ.
4a 4a

4
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Important Tips

@ The area of the triangle inscribed in the parabola y? = 4axis %(y1 ~ ¥,)(Y, ~ ¥3)(Ys ~ v;), Where y,,y,y;are

the ordinate of the vertices
= The length of the side of an equilateral triangle inscribed in the parabola y? = 4axis 8a+/3 (one angular
point is at the vertex).

3. Some other standard forms of Parabola.

(1) Parabola opening to left (2) Parabola opening upwards (3) Parabola opening down
wards
(i.e. y? =—4ax); (a>0) (i.e.x? = 4ay); (a>0) (i.e.x? =—4ay); (a>0)
~2|m < v
.
4 :
y+a=0 |Z M
y
5
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Important terms y? =4ax y? =—4ax x? =4ay x? =—4ay
Coordinates of vertex (0, 0) 0, 0) (0, 0) (0, 0)
Coordinates of focus (a, 0) (-a, 0) 0, a) (0, —a)
Equation of the X =-a X=a =-a y=a
directrix

Equation of the axis y=0 y=0 x=0 x=0
Length of the 4a 4a 4a 4a
latusrectum

Focal distance of a X+a a-x y+a a-y
point P(x,y)

4. Special form of Parabola (y — k)% = 4a(x —h)

The equation of a parabola with its vertex at (h, k) and axis as parallel to x-axis is (y —k)? = 4a(x —h)
If the vertex of the parabola is (p,q)and its axis is parallel to y-axis, then the

equation of the parabola is (x — p)® = 4b(y —q)

When origin is shifted at A'(h,k)without changing the direction of axes, its

Directrix

equation becomes(y —k)? = 4a(x —h) or (x — p)? =4b(y —q)

X2
M
Equation of Parabola \Y) Axis Fo Dire Equation Len
e cu ctri  of L.R. gth
rt s X of
e L.R.
X
(y — K)* =4a(x —h) (h.k) y=Kk (h+ak) x+a-h=0 x=a+h 4a
(x —p)? = 4b(y —q) (p.0) X=p (p.b+q) y+b-q=0 | y=b+q 4b
6
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@ y? =4a(x +a)is the equation of the parabola whose focus is the origin and the axis is x-axis.
= y? =4a(x —a)is the equation of parabola whose axis is x-axis and y-axis is directrix.

= x?=4a(y +a)is the equation of parabola whose focus is the origin and the axis is y-axis.

= x%=4a(y —a)is the equation of parabola whose axis is y-axis and the directrix is x-axis.

= The equation to the parabola whose vertex and focus are on x-axis at a distance a and a'
respectively from the origin is y? =4(@@-a)(x - a).

= The equation of parabola whose axis is parallel to x-axis is x = Ay? + By + Cand y=Ax? +Bx+Cis a
parabola with its axis parallel to y-axis.

5. Parametric equations of a Parabola.

The simplest and the best form of representing the coordinates of a point on the parabola y? = 4axis
(at?*2at) because these coordinates satisfy the equation y? = 4ax for all values of t. The equations

x = at?,y = 2at taken together are called the parametric equations of the parabola y? = 4ax, t being the
parameter.

The following table gives the parametric coordinates of a point on four standard forms of the parabola
and their parametric equation.

Parabola y? = 4ax y? =—4ax x2 =4ay x2 =—day
Parametric (-at?,2at) (2at,at?) (2at, —at?)
Coordinates (at?®,2at)

Parametric x =at? x = —at? x = 2at X =2at,
Equations y = 2at y = 2at y =at? y = —at?

Note: The parametric equation of parabola (y —k)? =4a(x —h)are x =h+at®and y =k + 2at
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6. Position of a point and a Line with respect to a Parabola.

(1) Position of a point with respect to a parabola: The point P(x,,y,)lies

Y
(on)
outside on or inside the parabola y? =4ax according as , I/P/
ide)® ® P(inside)
y2 —4ax, >,=0r<0 (Outside) I\ X

(2) Intersection of a line and a parabola: Let the parabola be y? =4ax ... 0
And the given linebe y=mx+¢ (i)
Eliminating y from (i) and (i) then (mx +c)?=4ax or m?x? +2x(mc—2a)+c?> =0 ... (iii)

This equation being quadratic in x, gives two values of x. It shows that every straight line will cut the
parabola in two points, may be real, coincident or imaginary, according as discriminate of (iii) >, = or <
0

:. The line y =mx +c does not intersect, touches or intersect a parabola y? = 4ax, according as

a
C>=<—
m

7. Equation of Tangentiin Different forms

(1) Point Form: The equation of the tangent to the parabola y? = 4ax at a point (x,,y,)is
yy, = 2a(X +X,)

P(x1,y1)

Q(xa,y2)
8
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Equation of tangent of all other standard parabolas at (x4, y1)

Equation of parabolas Tangent at (x1, y1)
y? = —4ax Y1 = —2a(X + X;)
x? = 4ay XXy = 2a(y +Y,)
x? = —4ay XXy =—2aly +Y;)

Note: The equation of tangent at (X,, ¥,)to a curve can also be obtained by replacing x % by XX, y2 by yy, . x by

X+Xy ,y by y+y:
2

andy.

Xy, + X
and xy by % provided the equation of curve is a polynomial of second degree in x

(2) Parametric form: The equation of the tangent to the parabola y? = 4ax at (at2,2at)is ty = x +at’

Equations of tangent of all other standard parabolas at 't’

Equations of parabolas Parametric co-ordinates = Tangent at 't’

"

y2 = —4ax (-at?,2at) ty = —x +at?
x? = 4ay (2at,at?) tx =y +at?
x2 = —day (2at, —at?) tX = -y +at?

(3) Slope Form: The equation of a tangent of slope m to the parabola y? = 4ax at[izﬁJ is
m*,

a
y =mx +—
m

9
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Equation of Point of contact in
parabolas terms of slope (m)
y* = dax a

m2'm
y* = -4ax _a 2

m2’ m
x? = 4day (2am,am?)
x? = —4ay (—2am,—am?)
Important Tips

Equation of tangent
in terms of slope

(m)
a
y=mx +—
m
a
y=mx ——
m

y =mx —am?

y =mx +am?

Condition of
Tangency

« If the straight line Ix+my +n=0touches the parabola y? =4axthen In =am?.

= If the line xcosa +ysina = p touches the parabola y? =4ax,then Pcosa+asin’ « =0and point of contact

is (atan? o,—2atan o)

@ If the line ?+%=1touches the parabola y? =4a(x +b), then m?(+b)+al®> =0

8. Point of intersection of Tangents at any two points on the Parabola.

The point of intersection of tangents at two points P(at?,2at,) and Q(at?,2at,)on the parabola y® = 4ax

is (at;t,,at, +t,)).

The locus of the point of intersection of tangents to the parabola y? = 4ax

which meet at an angle ais (x +a)’ tan? @ =y? —4ax.

Director circle: The locus of the point of intersection of perpendicular
tangents to a conic is known as its director circle. The director circle of a

parabola is its directrix.

Y (c.t.'fl2 Jat))

(atity,a(ti+t;))

R 0

P
y,

X

10
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Note: Clearly, x-coordinates of the point of intersection of tangents at P and Q on the parabola is the G.M of the x-
coordinate of P and Q and y-coordinate is the A.M. of y-coordinate of P and Q.

2
The equation of the common tangents to the parabola y? = 4ax and x? =4by is /‘(ml -2at,)

1 1 2 2

= = £ £ R [atity,a(ti+t2)]
a’x+b3y+a3b® =0

The tangents to the parabola y? = 4axat P(at?,2at,)and Q(at?,2at,)intersect at R. Qlat3 2at,)

. 1
Then the area of triangle PQR is Eaz(tl ~t,)°

9. Equation of Pair of Tangents from a point to a Parabola

If y? —4ax, >0, then any point P(x,,y,)lies out side the parabola and a pair of tangents PQ, PR can be

drawn to it from P 4
The combined equation of the pair of the tangents drawn from a point to a %
0 X

parabola is SS'=T?where S =y? —4ax;S'=y? —4ax,and T =yy, —2a(x +Xx,) X

(x1,y1)P
R

Note: The two tangents can be drawn from a point to a parabola. The two tangent are real and distinct or
coincident or imaginary according as the given point lies outside, on or inside the parabola.

Important Tips

@ Tangents at the extremities of any focal chord of a parabola meet at right angles on the directrix.

= Area of the triangle formed by three points on a parabola is twice the area of the triangle formed by
the tangents at these points.

= If the tangents at the points P and Q on a parabola meet in T, then ST is the geometric mean
between SP and SQ, i.e. ST? =SP.SQ

= Tangent at one extremity of the focal chord of a parabola is parallel to the normal at the other
extremity.

3all3b113

= The angle of intersection of two parabolas y® = 4ax and x? =4by is given by tan‘lm

11
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10. Equations of Normal in Different forms.

(1) Point form: The equation of the normal to the parabola y? =4ax at a point (x,,y,) is

N

Y-y, = 2a(x_xl)

Equation of normals of all other standard parabolas at (x4, y1)

Equation of parabolas

y? = —4ax
x? = 4day
x? = —4ay

Normal at (x1, y1)

Yy—-Y1 :;—;(X_XD

2a
Y-y =——(X~-X%)
X

1

2a
—y = — (XX
Y—=Y1 " ( 1)

1

(2) Parametric form: The equation of the normal to the parabola y? = 4axat (at®,2at)is y + tx = 2at + at®

Equations of normal of all other standard parabola at 't’

Equations of parabolas

y? = —4ax
x? = 4day
x? = —4ay

Preparation Classes

Counseling Sessions

Parametric co-
ordinates

(-at?,2at)
(2at, at?)
(2at,—at?)

v
Online Test

Normals at 't’

y —tx = 2at +at®
X +ty = 2at +at®

X —ty = 2at +at®

Free Trial Classes
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(3) Slope form: The equation of normal of slope m to the parabola y? = 4ax is y = mx —2am —am?®at

the point(am?,—2am).

Equations of normal, point of contact, and condition of normality in terms of slope (m)

Equations of

Point of contact in

Equations of normal

Condition of

parabola terms of slope (m) in terms of slope (m)  normality
y? = 4ax (am?,—2am) y =mx —2am —am?® ¢ = —2am —am?®
y2 = —4ax (~am?,2am) y =mx + 2am +am® ¢ =2am +am®
2 _
x* =day —E,i y = mx +2a+i2 c=2a+i2
m 'm? m m
2 _
X* =-4ay E,—i y=mx—2a—i2 c:—2a—i2
m’  m? m m

Note: The line IX+my +n =0is a normal to the parabolay? = 4axif all®* +2m?)+m?n=0

11. Point of intersection of normals at'any two points on the Parabola

If R is the point of intersection then point of intersection of normals at any two points P(at?,2at,)and

Q(at;,2at,) on the parabola y? = 4axis R[2a+a(t} +t; +1t,t,), —at t,(t, +1,)]

Y el
/Wf(lml )
’ R
X v X
Olat? 2at,)
v

13
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12. Relation between 't1' and 't;' if Normal at 't1' meets the Parabola again at
lt2|

If the normal at the point P(at?,2at,) meets the parabola y? = 4ax again atQ(at3,2at,), then
2

t2 — _tl _ = Y P(atflar
t
X v X
Nai%,Zut; )
Y/

Important Tips

= If the normals at points (at?,2at) and (at?,2at,) on the parabola y? = 4axmeet on the parabola then

tyt, =2

@ If the normal at a point P(at®,2at)to the parabola y* =4axsubtends a right angle at the vertex of the
parabola thent? =2.

@ If the normal to a parabolay? = 4ax, makes an angle ¢ with the axis, then it will cut the curve again at

an angletan*l[%tangzﬁ).

= The normal chord to a parabola y? =4axat the point whose ordinate is equal to abscissa subtends a
right angle at the focus.
@ If the normal at two points P and Q of a parabola y? = 4axintersect at a third point R on the curve.
Then the product of the ordinate of P and Q is 8a? .

14
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13. Co-normal Points

The points on the curve at which the normals pass through a common point are called co-normal points.

Q. R, S are co-normal points. The co- normal points are also called the feet of N

the normals. //ﬁ)

If the normal passes through point P(x,,y,;)which is not on parabola, then X S X
y, =mx, —2am-am®= am® +(2a—-x,)m+y, =0 .. (i) &

Which gives three values of m. Let three values of m are m;,m, and m,, 4 ’

which are the slopes of the normals at Q, R and S respectively, then the coordinates of Q, R and S are
(am;,—2am;,),(am;,~2am,)and (am; — 2am;) respectively. These three points are called the feet of the

normals.

—-Y1

Now m; +m, +m; =0, mym, +m,m; +mym, = "

and mym,m, =

(2a—x,)
a

In general, three normals can be drawn from a point to a parabola.

(1) The algebraic sum of the slopes of three concurrent normals is zero.
(2) The sum of the ordinates of the co-normal points is zero.
(3) The centroid of the triangle formed by the co-normal points lies on the axis of the parabola.

(4) The centroid of a triangle formed by joining the foots of the normal of the parabola lies on its axis

2 2 2 2 2 2
. am; +amj; +ams; 2am, +2am, + 2am am.; +am, +am
and is given by ( ! 2 3 L 2 =] 2 2 20

3 ’ 3 3

(5) If three normals drawn to any parabola y? =4axfroma given point (h, k) be real, then h > 2a for

a =1, normals drawn to the parabola y2 = 4x from any point (h, k) are real, if h>2.

(6) Out of these three at least one is real, as imaginary normals will always occur in pairs.

15
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14. Circle through Co-normal points.

Equation of the circle passing through the three (co-normal) points on the parabola y* = 4ax, normal at

which pass through a given point (a, £);is x? +y? —(2a+ a)x —gy =0

(1) The algebraic sum of the ordinates of the four points of intersection of a circle and a parabola is zero.
(2) The common chords of a circle and a parabola are in pairs, equally inclined to the axis of parabola.
(3) The circle through co-normal points passes through the vertex of the parabola.

(4) The centroid of four points; in which a circle intersects a parabola, lies on the axis of the parabola.

15. Equation of the Chord of contact of Tangents to a Parabola

Let PQ and PR be tangents to the parabola y? = 4ax drawn from any external point P(x,,y,) then QR is

called the ‘Chord of contact’ of the parabola y® = 4ax. v
The chord of contact of tangents drawn from a point (x,,y,) to the parabola I/é
- ) B ) ord of
y© =4ax is yy, =2a(X +X,) X 20 ) X
The equation is same as equation of the tangents at the point (x,,y;).
v

Note: The chord of contact joining the point of contact of two perpendicular tangents always passes through focus.

If tangents are drawn from the point (X,,Y,) to the parabola y? = 4ax, then the Otatt 2a)

: 1
length of their chord of contact is l—l\/(yl2 —4ax,)(y? +4a?) Px1,y1)
a

Riat? 2at,)

The area of the triangle formed by the tangents drawn from (X;,Y;) to y? = 4ax

3/2

(Y12 —4ax;)
2a '

and their chord of contact is

16
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16. Equation of the Chord of the Parabola which is bisected at a given point.

The equation of the chord at the parabola y* = 4ax bisected at the point (x,,y;) is givenby T =S,

where T =yy, —2a(x +x,) and S, =y’ —4ax,. i.e, yy, —2a(x + x,) =y? —4ax, Quays)

P(xy,y1)

R(x3,y3)

17. Equation of the Chord joining any two points on the Parabola.

Let P(at?,2at,),Q(at; ,2at,) be any two points on the parabolay?® = 4ax. Then, the equation of the chord

M(x—atf)or y — 2at, & 2

. (x —at?Jor
at? —at’ L+

joining these points is, y — 2at; =

y(t, +t,)=2x + 2at;t,

(1) Condition for the chord joining points having parameters tiand t to be a focal chord: If the
chord joining points (at?,2at,)and (at:,2at,)on the parabola passes through its focus, then (a,0)satisfies
the equationy(t, +t,) = 2x + 2at;t,=0 = 2a+ 2at;t,=>t;t, =-lor t, = _tl

1

(2) Length of the focal chord: The length of a focal chord having parameters t, and t, for its end points is
a(t, —t,)°.

. a —2a
Note: If one extremity of a focal chord is (at?,2at, ) then the other extremity (atZ,2at,)becomes [t_z’t_] by
1 u

virtue of relation t;t, =-1.

If one end of the focal chord of parabola is (at2,2at),then other end will be (t%, - 2atjand length of chord

2
~tsd]
t

The length of the chord joining two point 't," and 't," on the parabola y? = 4ax is a(t, —t,)}/(t, +t,)* +4

4
The length of intercept made by line y =mx +¢ between the parabola y? = 4ax is —2\/a(1 +m?)@-mc) .
m
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Important Tips

@ The focal chord of parabola y? =4ax making an angle « with the x-axis is of length 4acosec?a.
@« The length of a focal chord of a parabola varies inversely as the square of its distance from the

vertex.

< If I,and I, are the length of segments of a focal chord of a parabola, then its latus-rectum is %
1t
= The semi latus rectum of the parabola y? = 4ax is the harmonic mean between the segments of any

focal chord of the parabola.

18. Diameter of a Parabola.

The locus of the middle points of a system of parallel chords is called a diameter and in case of a
parabola this diameter is shown to be a straight line which is parallel to the

Y Pxy,y1)

axis of the parabola. o
A y=mx+c

The equation of the diameter bisecting chords of the parabola y* = 4ax of X . Pihk)
. 2a L-Diameter

slopemis y=— T

m 4 Q(xa,y2)

Note: Every diameter of a parabola is parallel to its axis.
The tangent at the end point of a diameter is parallel to corresponding system of parallel chords.
The tangents at the ends of any chord meet on the diameter which bisects the chord.

19. Length of Tangent, Sub tangent, Normal and Subnormal.

Let the parabola y? = 4ax. Let the tangent and normal at P(x,,y,)meet the axis of parabola at T and G

respectively, and tangent at P(x,,y,;)makes angle y with the positive direction of x-axis.

A(0,0) is the vertex of the parabola and PN =y . Then,
(x1y1)

(1) Length of tangent = PT = PN cosec y =Y, COsec i M
yy1=2a(x+x1)
(2) Length of normal = PG = PNcosec(90° —y) =Yy, sec i " 5(0,0)

T(—x,0) A N G(x1,2a,0)
(3) Length of subtangent = TN = PN coty =y, coty (x3,0)
Y’ y2=aax

(4) Length of subnormal = NG = PN cot(90° —y) =y, tany
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where , tany = 22 _ m, [slope of tangent at P(x, y)]

Y1

Length of tangent, subtangent, normal and subnormal to y? = 4ax at (at?, 2at)

(1) Length of tangent at (at?,2at) = 2atcosecy = 2aty/(1+cot? i) = 2aty1l+t?

(2) Length of normal at (at?, 2at) = 2atsec i = 2aty/(1 + tan’® y) = 2a/t? +t* tan? yy = 2a4/(t* +1)

(3) Length of subtangent at (at?,2at) = 2atcoty = 2at?

(4) Length of subnormal at (at?,2at) = 2attany = 2a

20. Pole and Polar

The locus of the point of intersection of the tangents to the parabola at the ends of a chord drawn from
a fixed point P is called the polar of point P and the point P is called the pole of the polar.

Equation of polar: Equation of polar of the point (x,,y,) with respect to parabola y? = 4axis same as

chord of contact and is given by yy, = 2a(x + x;)

(h,k) Q

(1) Polar of the focus is directrix: Since the focus is(a,0)
-.Equation of polar of y? = 4axis y.0 = 2a(x +a) = x +a =0, which is the directrix of the parabola

y? =4ax.

(2) Any tangent is the polar of its point of contact: If the point P(x,y,) be on the parabola. Its polar and

tangent at P are identical. Hence the tangent is the polar of its own point of (i)
contact.
Coordinates of pole: The pole of the line Ix+my +n =0 with respect to the Q
. (n —2am
parabola y? = 4axis (T, I j R

19
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(i) Pole of the chord joining (x;,y;)and (x,,y,)is [M%j which is the same as the point of

4a
intersection of tangents at (x,,y;)and (x,,Y,).

(i) The point of intersection of the polar of two points Q and R is the pole of QR.

271. Characteristics of Pole and Polar

(1) Conjugate points: If the polar of P(x,,y,)passes through Q(x,,y,), then the polar of Q(x,,y,)goes

through P(x,,y;)and such points are said to be conjugate points.
Two points P(x,,y;) and Q(x,,y,) are conjugate points with respect to the parabolay? = 4ax, if

YiYo = 2a(X; +X;).

(2) Conjugate lines: If the pole of a line ax + by +c =0 lies on the linea; x + b,y + ¢, =0, then the pole of
the second line will lie on the first and such lines are said to be conjugate lines.
Two lines I,x +m,y +n, =0and I,x +m,y +n, =0 are conjugate lines with respect to parabolay? = 4ax

Jf (In, +1,n;) =2am;m,

Note: The chord of contact and polar of any point on the directrix always passes through focus.
The pole of a focal chord lies on directrix and locus of poles of focal chord is the directrix.

The poplars of all points on directrix always pass through a fixed point and this fixed point is focus.

wr v
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