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1. Introduction.

Statistics is that branch of mechanics which deals with the study of the system of forces in equilibrium.
Matter: Matter is anything which can be perceived by our senses of which can exert, or be acted on, by
forces.

Force: Force is anything which changes, or tends to change, the state of rest, or uniform motion, of a
body. To specify a force completely four things are necessary they are magnitude, direction, sense and
point of application. Force is a vector quantity.

2. Parallelogram law of Forces

If two forces, acting at a point, be represented in magnitude and direction by the two sides of a
parallelogram drawn from one of its angular points, their resultant is represented both in magnitude and
direction of the parallelogram drawn through that point.

If OA and OB represent the forces P and Q acting at a point O and inclined to each other at an angle a. If
R is the resultant of these forces represented by the diagonal OC of the parallelogram OACB and R
Qsina

makes an angle 6 with P i.e. ZCOA =6, then R* =P? +Q? + 2PQcos«a and tanf = —————
P+Qcosa

The angle 6, which the resultant R makes with the direction of the force Q is given by

0. — tan- Psina
! Q + Pcosa

Case (i): IfP=Q
. R=2Pcos(a/2) and tand =tan(x/2) or @ =/ 2

Case (ii): If « =90°, i.e. forces are perpendicular

~R=+P?+Q?% and tan&:%

Case (iii): If o =0°, i.e. forces act in the same direction
SR =P+Q

Case (iv): If & =180°, i.e. forces act in opposite direction
. Rmm = P _Q
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Note: The resultant of two forces is closer to the larger force.
. . . a oL
The resultant of two equal forces of magnitude P acting at an angle o is 2P COSE and it bisects the angle between

the forces.

If the resultant R of two forces P and Q acting at an angle o makes an angle 6 with the direction of P, then

Qsmaand oS0 — P+QRcosa

If the resultant R of the forces P and Q acting at an angle a makes an angle 6 with the direction of the force Q, then

P sin + Psin
2 and COS¢9=¥ B c

sin@ =

sin@ =

Component of a force in two directions: The component of a force R in

two directions making angles o and B with the line of action of R on and 0 2 A

opposite sides of it are
_OC.sing _ Rsing _ . F _OC.sina _ R.sina
YUsin(e+ B) sin(a+ B) 2 sinf@+p)  sin(@+ pB)

A-p theorem : The resultant of two forces acting at a point O in directions OA and OB represented in
magnitudes by A.OA and p.OB respectively is represented by (1 + p)OC, where C is a point in AB such

that A.CA = uCB A

204

Important Tips

@ The forces P, Q, R act along the sides BC, CA, AB of AABC.
Their resultant passes through.

(@) Incentre, if P+Q+R=0 (b) Circumcentre, if Pcos A+QcosB+RcosC =0

(c) Orthocentre, if PsecA+QsecB+RsecC=0  (d) Centroid, if P cosec A+Q cosec B+ R cosec C =0

orP_Q_R
a b ¢
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3. Triangle law of Forces

If three forces, acting at a point, be represented in magnitude and direction by the sides of a triangle,

taken in order, they will be in equilibrium. A
- . . R
Here AB=P, BC=0Q, CA=R

In triangle ABC, we have AB +BC +CA =0 P R Q
=P+Q+R=0

Hence the forces P, Q, R are in equilibrium.

Converse: If three forces acting at a point are in equilibrium, then they can be represented in magnitude
and direction by the sides of a triangle, taken in order.

4. Polygon law of Forces

If any number of forces acting on a particle be represented in magnitude and direction by the sides of a
polygon taken in order, the forces shall be in equilibrium.

As
P4 Ps

As As

Ps Py
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5. Lami's Theorem.

If three forces acting at a point be in equilibrium, each force is proportional to the sine of the angle

between the other two. Thus if the forces are P, Q and R; o,y be the angles between Q and P p R
R, Rand P, P and Q respectively. If the forces are in equilibrium, we have, —— = _Q = _R o
sinag  sing siny P
Q

The converse of this theorem is also true.

6. Parallel Forces

(1) Like parallel forces: Two parallel forces are said to be like parallel forces when they act in the same
direction.

The resultant R of two like parallel forces P and Q is equal in magnitude of p R Q
the sum of the magnitude of forces and R acts in the same direction as the

forces P and Q and at the point on the line segment joining the point of

action P and Q, which divides it in the ratio Q : P internally.

(2) Two unlike parallel forces: Two parallel forces are said to be unlike if they act in opposite directions.
If P and Q be two unlike parallel force acting at A and B and P is greater in
magnitude than Q. Then their resultant R acts in the same direction as P and
acts ata point C on BA produced. Such that R=P -Q and P.CA =Q.CB
Then in this case C divides BA externally in the inverse ratio of the forces,
P_Q_P-Q R

CB CA CB-CA AB
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Important Tips
@ If three like parallel forces P, Q, R act at the vertices A, B, C repectively of a triangle ABC, then their
resultant act at the

(i) Incentre of AABC, if P_Q_R
a b ¢
P _ Q _ R
sin2A  sin2B  sin2C

(ii) Circumcentre of AABC, if

(iii) Orthocentre of AABC, if P _Q __R
tanA tanB tanC

(iv) Centroid of AABC, if P = Q = R.

7. Moment

The moment of a force about a point O is given in magnitude by the product 0
of the forces and the perpendicular distance of O from the line of action of

the force.

If F be a force acting a point A of a rigid body along the line AB and OM (= p) be P
the perpendicular distance of the fixed point O from AB, then the moment of

force about O =F.p = ABxOM = ZE(AB X OM)} = 2(area of AAOB) M

The S.I. unit of moment is Newton-meter (N-m).

(1) Sign of the moment: The moment of a force about a point measures the tendency of the force to
cause rotation about that point. The tendency of the force F; is to turn the lamina in the
clockwise direction and of the force F: is in the anticlockwise direction.

F2

The usual convention is to regard the moment which is anticlockwise direction as positive
and that in the clockwise direction as negative.

(2) Varignon's theorem: The algebraic sum of the moments of any two coplanar forces
about any point in their plane is equal to the moment of their resultant about the same
point.

F1

Note: Thy algebraic sum of the moments of any two forces about any point on the line of action of their resultant is
zero.

Conversely, if the algebraic sum of the moments of any two coplanar forces, which are not in equilibrium, about
any point in their plane is zero, their resultant passes through the point.

If a body, having one point fixed, is acted upon by two forces and is at rest. Then the moments of the two forces
about the fixed point are equal and opposite.
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8. Couples

Two equal unlike parallel forces which do not have the same line of action, are said to form a couple.
Example: Couples have to be applied in order to wind a watch, to drive a ,
gimlet, to push a cork screw in a cork or to draw circles by means of pair of

compasses. p ‘

A
(1) Arm of the couple: The perpendicular distance between the lines of |
action of the forces forming the couple is known as the arm of the couple. P

(2) Moment of couple: The moment of a couple is obtained in magnitude by multiplying the magnitude
of one of the forces forming the couple and perpendicular distance between the lines of action of the
force. The perpendicular distance between the forces is called the arm of the couple. The moment of the
couple is regarded as positive or negative according as it has a tendency to turn the body in the
anticlockwise or clockwise direction.

Moment of a couple = Force x Arm of the couple = P.p

(3) Sign of the moment of a couple: The moment of a couple is taken with positive or negative sign
according as it has a tendency to turn the body in the anticlockwise or clockwise direction.

o b |,

Positive couple i
Negative couple

Note: A couple cannot be balanced by a single force, but can be balanced by a couple of opposite sign.
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9 Triangle theorem of Couples

If three forces acting on a body be represented in magnitude, direction and line of action by the sides of
triangle taken in order, then they are equivalent to a couple whose moment is represented by twice the
area of triangle.

Consider the force P along AE, Q along CA and R along AB. These forces are three concurrent forces
acting at A and represented in magnitude and direction by the sides BC, CA

and AB of AABC. So, by the triangle law of forces, they are in equilibrium. D

The remaining two forces P along AD and P along BC form a couple, whose
moment is m = P.AL = BC.AL

Since %(BC.AL) = 2(%area of theAABCj

.. Moment = BCAL = 2 (Area of AABC)

10. Equilibrium of Coplanar Forces

(1) If three forces keep a body in equilibrium, they must be coplanar.

(2) If three forces acting in one plane upon a rigid body keep it in equilibrium, they must either meet in a
point or be parallel.

(3) When more than three forces acting on a rigid body, keep it in equilibrium, then it is not necessary that
they meet at a point. The system of forces will be in equilibrium if there is neither translatory motion nor
rotatory motion.

i.e.X=0,Y=0,G=00rR=0,G=0.

(4) A system of coplanar forces acting upon a rigid body will be in equilibrium if the algebraic sum of
their resolved parts in any two mutually perpendicular directions vanish

separately, and if the algebraic sum of their moments about any point in A

their plane is zero. A

(5) A system of coplanar forces acting upon a rigid body will be in 0
equilibrium if the algebraic sum of the moments of the forces about each of | 5 m P n C

three non-collinear points is zero.

(6) Trigonometrical theorem: If P is any point on the base BC of AABC such that BP: CP = m: n.
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Then, (i) (m+n)cotd =mcota —ncot S where /BAP =q«, Z/CAP = f3

(i) (h+n)cotd =ncotB—-mcotC

11. Friction

Friction is a retarding force which prevent one body from sliding on another.
It is, therefore a reaction.

When two bodies are in contact with each other, then the property of
roughness of the bodies by virtue of which a force is exerted between them to
resist the motion of one body upon the other is called friction and the force
exerted is called force of friction. %

(1) Friction is a self-adjusting force: Let a horizontal force P pull a heavy body of weight W resting on a
smooth horizontal table. It will be noticed that up to a certain value of P, the body does not move. The
reaction R of the table and the weight W of the body do not have any effect on the horizontal pull as
they are vertical. It is the force of friction F, acting in the horizontal direction, which balances P and
prevents the body from moving.

As P is increased, F also increases so as to balance P. Thus F increases with P. A stage comes when P just
begins to move the body. At this stage F reaches its maximum value and is equal to the value of P at that
instant. After that, if P is increased further, F does not increase anymore and body begins to move.

This shows that friction is self-adjusting, i.e. amount of friction exerted is not constant, but increases
gradually from zero to a certain maximum limit.

(2) Statical friction: When one body tends to slide over the surface of another body and is not on the
verge of motion then the friction called into play is called statical friction.

(3) Limiting friction : When one body is on the verge of sliding over the surface of another body then
the friction called into play is called limiting friction.

(4) Dynamical friction : When one body is actually sliding over the surface of another body the friction
called into play is called dynamical friction.

(5) Laws of limiting friction/statical friction/Dynamical friction:
9

-\’ 0] testprepkart
g\ www.testprepkart.com
0 Q5 |
info@testprepkart.com

= 2 € +91-8800123492

Preparation Classes Counseling Sessions Online Test Free Trial Classes



Te

Preparation Classes Counseling Sessions Online Test Free Trial Classes

yielgsle] Kart

(i) Limiting friction acts in the direction opposite to that in which the body is about to move.

(i) The magnitude of the limiting friction between two bodies bears a constant ratio depends only on the
nature of the materials of which these bodies are made.

(iii) Limiting friction is independent of the shape and the area of the surfaces in contact, so long as the
normal reaction between them is same, if the normal reaction is constant.

(iv) Limiting friction fs is directly proportional to the normal reaction R, i.e. fs R

f, = U.R; Mg = f, /R, where ps is a constant which is called coefficient of statical friction.

In case of dynamic friction, pkx = fi/R, where py is the coefficient of dynamic friction.

(6) Angle of friction: The angle which the resultant force makes with the direction of the normal

reaction is called the angle of friction and it is generally denoted by A. R <

Thus A is the limiting value of o, when the force of friction F attains its
maximum value.
Maximum force of friction

stand = - A
Normal reaction

Since R and p R are the components of S, we have, S cos A = R, S sink = pR. F=uR

Hence by squaring and adding, we get S = Ry/1+ p® and on dividing them,

we get tan A = p. Hence we see that the coefficient of friction is equal to the tangent of the angle of
friction.

12. Coefficient of Friction

When one body is in limiting equilibrium in contact with another body, the constant ratio which the
limiting force of friction bears to normal reaction at their point of contact, is called the coefficient of
friction and it is generally denoted by p.
Thus, y is the ratio of the limiting friction and normal reaction.
Maximum force of friction
Normal reaction

Hence, y = tan /A =

= U= g = F = YR, Where F is the limiting friction and R is the normal reaction.

Note: The value of py depends on the substance of which the bodies are made and so it differs from one body to
the other. Also, the value of p always lies between 0 and 1. Its value is zero for a perfectly smooth body.

Cone of friction : A cone whose vertex is at the point of contact of two rough bodies and whose axis lies along the
common normal and whose semi-vertical angle is equal to the angle of friction is called cone of friction.

w v
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13 Limiting equilibrium on an Inclined Plane.

Let a body of weight W be on the point of sliding down a plane which is inclined at an angle a to the
horizon. Let R be the normal reaction and p R be the limiting friction acting up

the plane. R LR
Thus, the body is in limiting equilibrium under the action of three forces: R, p

Rand W. “
Resolving the forces along and perpendicular to the plane, we have ; v

PR =W sinaand R =W cosa o
:“—szsma = U=tana = tani=tana=>a=41

R COS

Thus, if a body be on the point of sliding down an inclined plane under its own weight, the inclination of
the plane is equal to the angle of the friction.

(1) Least force required to pull a body up an inclined rough plane: Let a body of weight W be at
point A, a be the inclination of rough inclined plane to the horizontal and A be
the angle of friction. Let P be the force acting at an angle 6 with the plane
required just to move body up the plane.
p_w3n@+4) {-p=tana}
cos(@ — 1)
Clearly, the force P is least when cos(@ — A)is maximum, i.e. when

cos(@—A)=1,i.e. 6—A=00r & =A.The least value of P is W sin(a + 1)

(2) Least force required to pull a body down an inclined plane: Let a body of weight W be at the
point A, a be the inclination of rough inclined plane to the horizontal and A be
the angle of friction. Let P be the force acting an angle 6 with the plane,
required just to move the body up the plane.
p_ Wsin(4 - )

cos(@ — 1)

Clearly, P is least when cos(@ — 2) is maximum, i.e. when §—-1=0 or 6 =A4.

[ u=tan 4]

The least value of P is Wsin(1 — «).

Note: If o = A, then the body is in limiting equilibrium and is just on the point of moving downwards.
If o < A, then the least force required to move the body down the plane is W sin(1 — ).

If a=A,a>A0ra<A,then the least force required to move the body up the plane is W sin(a + 4) .

Q If a > A, then the body will move down the plane under the action of its weight and normal reaction.
11
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Important Tips
@  Least force on the horizontal plane : Least force required to move the body with weight W on the
rough horizontal plane is W sin A .

14. Centre of Gravity.

The center of gravity of a body or a system of particles rigidly connected together, is that point through
which the line of action of the weight of the body always passes in whatever position the body is placed
and this point is called centroid. A body can have one and only one center of gravity.

If Wi, Wy, w, are the weights of the particles placed at the points

ALXL Y1) A (X0, Vo) eeenieenn s Ay (X, Yy respectively, then the center of gravity G(X,y) is given by

(1) Centre of gravity of a number of bodies of different shape:
(i) C.G. of a uniform rod: The C.G. of a uniform rod lies at its mid-point.

(i) C.G. of a uniform parallelogram: The C.G. of a uniform parallelogram is the point of inter-section of
the diagonals.

(iii) C.G. of a uniform triangular lamina: The C.G. of a triangle lies on a median at a distance from the
base equal to one third of the medians.

(2) Some Important points to remember:

(i) The C.G. of a uniform tetrahedron lies on the line joining a vertex to the C.G. of the opposite face,
dividing this line in the ratio 3 : 1.

(i) The C.G. of a right circular solid cone lies at a distance h/4 from the base on the axis and divides it in
the ratio 3 : 1.

(iii) The C.G. of the curved surface of a right circular hollow cone lies at a distance h/3 from the base on
the axis and divides it in the ratio 2 : 1

12
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(iv) The C.G. of a hemispherical shell at a distance a/2 from the center on the symmetrical radius.

(v) The C.G. of a solid hemisphere lies on the central radius at a distance 3a/8 from the center where a is the
radius.

. . . . . in
(vi) The C.G. of a circular arc subtending an angle 2a. at the center is at a distance aSIN ¢ om the center
(24
on the symmetrical radius, a being the radius, and a in radians.
.. . . . . 2a sina
(vii) The C.G. of a sector of a circle subtending an angle 2a. at the center is at a distance ?—from
(24

the center on the symmetrical radius, a being the radius and a in radians.

(viii) The C.G. of the semicircular arc lies on the central radius at a distance of 2a from the boundary
T

diameter, where a is the radius of the arc.

Important Tips

@  Let there be a body of weight w and x be its C.G. If a portion of weight wy is removed from it and x;
be the C.G. of the removed portion. Then, the C.G. of the remaining portion is given by
_ WX Wy Xy

X
2
W =W,

@  Let x be the C.G. of a body of weight w. If x1, X, x3 are the C.G. of portions of weights w1, w2, w3
respectively, which are removed from the body, then the C.G. of the remaining body is given by

_ WX W X; —WpX, —W5Xs

Xy
W—W; —W, —W,

B
Q
a)

w v
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