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Introduction.
A function ¢(x) is called a primitive or an antiderivative of a function f(x) if ¢'(x) = f(x).

x° . N 4 d(x° .
For example, e is a primitive of x” because w57 X
X

Let ¢(x) be a primitive of a function f(x) and let ¢ be any constant.

Then - [9(x)+ c]= §'(x) = (0 [ 600 = f()]
= ¢@(x)+c is also a primitive of f(x).

Thus, if a function f(x) possesses a primitive, then it possesses infinitely:many primitives which are
contained in the expression ¢(x) + ¢, where c is a constant.

5 5 5
X

For example X?? + 2,% —1 etc. are primitives of x*.

Note: If F,(x) and F,(x) are two antiderivatives of afungtion f (x) orean interval [a, b], then the difference

between them is a constant.

1. Definition

Let f(x) be a function. Then the collection of all its primitives is called the indefinite integral of f(x) and

is denoted by If(x)dx.

Thus, dix(¢(x)+c) = f(x) :>_[f(x)dx =¢(X)+C

Where ¢(x) is primitive of f(x) and c is an arbitrary constant known as the constant of integration.
Here I is the integral sign, f(x) is the integrand, x is the variable of integration and dx is the element of

integration.
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The process of finding an indefinite integral of a given function is called integration of the function.

It follows from the above discussion that integrating a function f(x) means finding a function ¢(x) such

that i(qb(x)) = f(x).
dx

2. Comparison between Differentiation and Integration.

(1) Differentiation and integration both are operations on functions and each gives rise to a function.
(2) Each function is not differentiable or integrable.

(3) The derivative of a function, if it exists, is unique. The integral of a function, if it exists, is not unique.
(4) The derivative of a polynomial function decreases its degree by 1, but the integral of a polynomial
function increases its degree by 1.

(5) The derivative has a geometrical meaning, namely, the slope of the:tangent to a curve at a point on it.

The integral has also a geometrical meaning, namely, the area of some region.

(6) The derivative is used in obtaining some physical quantities like velocity, acceleration etc. of a
particle. The integral is used in obtaining some physical quantities like centre of mass, momentum etc.

(7) Differentiation and integration are inverse of each other.

3. Properties of Integkals

(1) The differentiation of an integral is the integrand itself or the process of differentiation and

integration neutralize each other, i.e., dixU f(x)dx]: f(x).

(2) The integral of the product of a constant and a function is equal to the product of the constant and
the integral of the function, i.e., j cf(x)dx = ¢ j f(x)dx.

(3) Integral of the sum or difference of two functions is equal to the sum or difference of their integrals,

ie., I{fl(x)i f,(x)}dx = jfl(x)dx ijfz(x)dx
In the general form, I{kl.fl(x)ikz Hy () 2 kg f(X) £ ... fdX

=k1j f,(x)dx + kzj f,(x)dx = kgj £, (X)dX % ......
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4. Fundamental Integration Formulae

1)

(i)J.X"dx—XnH+cn¢—1 -4
n+l " dx

(ii) jdx=x+c

(iii) J.%dx —2x +c,

n+l
. (ax +b) N

. n 1
(iv) I(ax+b) dx = il

2

el

(i) j-dx:log| x| +c
X

(ii)j 1 i =L(log| ax +b] +c
ax +b a

(3) Iexdx =e* +c

X

@) j a‘dx =

+cC
log, a

(5) Isinxdx =—COSX +C

(6) Icos xdx =sinx +c
7) Iseczxdx =tan X +¢

(8) Icoseczxdx =—CotXx+¢C

Preparation Classes Counseling Sessions

n+1
:Xn
n+1

d 1
v (log| X)) ==
X X
d XN _ A X
. d_x(e )=e

d( a* «
v =a
dx (Ioge aJ

i(—cos X) = sin X

dx

i(s,in X) = CO0S X
dx
d 2
.+ —(tan x) =sec“ x
dx

d
+ —(~cot x) = cosec *x

dx
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9) Isec X tan X dx = sec X +¢ dix(sec X) = sec x tan x
(10) Icosec x cot xdx = —cosec X +¢ dix(—cosec X) = cOoSec X cot X
d
(12) Itan xdx =—log| cos x| +c = log| sec x| +c d—x(log COoS X) = —tan x
. d .
(12) Icot xdx =log| sin x| +c = —log| cosec x| +¢c - d—x(log sin x) = cot X

(13) Isec xdx =log| sec x +tan x| +c = log tan (%+gj +C dixlog(sec X +tan Xx) = sec x

X d
(14) _[cosec x dx =log| cosec x —cot x| +c = log tan > +C d—x(logl cosec X — cot X[) = cosec x

=sin' x+Cc=-c0s " X+C --i(sin-1 X) =

dx
) | — . = , cos 7t x) =
I [1_X2 dx 1/1—X2 dX( ) ]__)(2

(15

dx .1 X 1 X d 1 d X 1
16) | ———=sin* = +c=-cos ' = +¢ o At X2 (cost D)=
( )Jiqlaz_xz a a dx[Sln a a2 _x?2 dx( a a? _x?
dx < t d 4 1 d 1 1
17 =tan " x+c=-cot™Xx+¢C o —((tan " X)=— ,—(cot " x) =
( )I1+x2 dx( ) 1+x? dx( ) 1+x2
(18)_[ de > Lt XLt X e i(tanlijz a i(cotlijz e
a’+x? a a a a dx a) a?+x? dx a) a%?+x?

dx -1 -1
— .  —seC *X+C=-—C0sec x+c vo— S —
xvx? -1 dx xvVx? -1

-1

xVx?2 -1

(19)

i(cosec x) =
dx

- v
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dx 1 X 1 X
20) | ———="sec ' = +c=—cosec 1 =
( )'[x\/xz—az a a a

i(cosec‘1 )
a

a
j_ xvVx2 —a?

X, -a

xvx?% —a?

Note: In any of the fundamental integration formulae, if x is replaced by ax + b, then the same formulae is

applicable but we must divide by coefficient of x or derivative of (ax + b) i.e., a. In general, if I f(x)dx =¢(x)+c,

then_[ f(ax + b)dx =%¢(ax +b)+c

_[sin(ax +b)dx = %alcos(ax +b)+c, _[sec(ax +b)dx = % log| sec(ax +b)+ tan(ax + b)| +c etc.

Some more results:

Q) I%=__100thflx _1
X

(i) j I
JIx?—a?

(iv

)I dx
Vx? +a?

(v) jVaz — x2dx =%x«/a2 — X% +%a2 sin1(§)+c

when x >a

a a 2a

+c, when x<a

=log{| x++Vx*-a’[} +c=cosh‘l[§j+c

=log{] x +Vx? +a’[} +c =sinhl[ij+c
a

(vi) IVXZ —a’dx =%x\/x2 —a? —%az log{x +Vx?-a’}+c =%x\/x2 —a’ —%az cosh1(§)+c

(vii) IVXZ +a’dx =%x\/x2 +a’ +%a2 log{x +Vx%+a’}+c =%x\/x2 +a’ +%a2 sinh1(£)+c
a
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Important Tips

= The signum function has an antiderivative on any interval which doesn't contain the point x =0,
and does not possess an anti-derivative on any interval which contains the point.

= The antiderivative of every odd function is an even function and vice-versa

5. Integration by Substitution.

(1) When integrand is a function i.e., I flo(x)] @' (x)dx :

Here, we put ¢(x) = t, so that ¢'(x)dx = dt and in that case the integrand is reduced to If(t)dt . In this

method, the integrand is broken into two factors so that one factor can.be expressed in terms of the
function whose differential coefficient is the second factor.

(2) When integrand is the product of two factors such that one is the derivative of the others i.e.,
| =jf'(x). f(x). dx

In this case we put f(x)=t and convert it into a standard integral.

(3) Integral of a function of the form f(ax + b): Here we put ax + b =t and convert it into standard

integral. Obviously if If(x)dx =¢(x), then, If(ax +b)dx = iqb(ax +b)+c

(4) If integral of a function of the form %dx =log[ f(x)]+c
X

n+1l
(5) If integral of a function of the form, J’[f(x)]” f(x)dx = %+ c [n=-1]
+

(6) If the integral of a function of the form, I ') dx =2 f(x) +c¢

JF)
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(7) Standard substitutions

Integrand form Substitution
(i) /7 P X =asing, x =acoso
(ii) 2 2 X =atan @ or x =asinhd
\/x +a’
(iii) /7 Py X =asecd or x =acoshé

(iv) X a+x s 1 x =atan’® @
\/a+x'\/ X x(@+x) JXx@+x)

(V) \/ X \/a—x TP 1 X =asin’ 0
a-x' x x@ X)’,/x(a—x)

(vi) X X —a X =asec’ 0
e o 6 g

(vii) \/a—x \/a+x X = acos 20
a+x Va-x
_ 2 2
i) S a0, (5> a) S

6. Integratiomhy Parts.

(1) When integrand involves more than one type of functions: We may solve such integrals by a rule
which is known as integration by parts. We know that,
d dv  d

d—x(uv)zud—x+vd—z = d(uv) =udv +vdu = Id (uv)=Iudv +Ivdu

If u and v are two functions of x, then _[Llj\llldx = u_[v dx — I{g—i ._[vdx }dx i.e., the integral of the product

of two functions = (First function) x (Integral of second function) — Integral of {(Differentiation of first
function) x (Integral of second function)}

Integration with the help of above rule is called integration by parts. Before applying this rule proper
choice of first and second function is necessary. Normally we use the following methods:

9
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(1) In the product of two functions, one of the function is not directly integrable (i.e.,

log| x|, sin™* x,cos ™ x,tan " x .....etc), then we take it as the first function and the remaining function is

taken as the second function.

(ii) If there is no other function, then unity is taken as the second function e.g. In the integration of
J'sin*1 X dx,jlog x dx,1 is taken as the second function.

(iii) If both of the function are directly integrable then the first function is chosen in such a way that the
derivative of the function thus obtained under integral sign is easily integrable.

Usually, we use the following preference order for the first function. (Inverse; Logarithmic, Algebraic,
Trigonometric, exponential). This rule is simply called as “I LATE”.

Important Tips

& |f | = N gaxy then I :Xneax —ﬂl
n IX e X, n a n-1
- If 1, :I(Iog x)dx, then 1, = xlogx —x
2 3

@ If 1, =.[de, then 1, =log(log x) .+ log x + (log x) + (log x) Foreeriee s e

log x 2421 33"
- If 1, = I(Iog x)"dx ; then 1, = x(log x)"=n.I.;
s Successive integration by parts.can be performed when one of the functions is x" (n is

positive integer) which will be successively differentiated and the other is either of the following
sinax, cos ax,e®, e, (x + a)" which will be successively integrated.

& Chain rule : Iu.v dX 2UV, —U'V, +U"Vg —U"V, + s e + (D", + ()" Iu" v, dx Where

u" stands for n*" differential coefficient of u and v, stands for n*" integral of v.

(2) Integral is of the form Iex{f(x)+ f'(x)ldx : If the integral is of the form Iex {f(x)+ f'(x)Jdx, then by

breaking this integral into two integrals integrate one integral by parts and keeping other integral as it is,

by doing so, we get

(i) je* [F(x) + F'()]dx = e f(x)+c

(ii) jemx [mf (x) + ' (x)]dx =e™ f(x)+c

- v
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m

(i) [ ™ [f(x)+ fl(x)}dx _eTI
m

(3) Integral is of the form [x f'(x) + f(x)]dx : If the integral is of the form I[x f'(x) + f(x)]dx then by

breaking this integral into two integrals, integrate one integral by parts and keeping other integral as it
is, by doing so,  we get, j [X (<) + f()]dx = x f(x)+c

(4) Integrals of the form Ieaxsin bxdx ,Ieax cos bx dx :

Working rule : To evaluate Ie“ sinbx dx or Ie“ cos bx dx, proceed as follows

i) Put the given integral equal to I.
ii) Integrate by parts, taking e as the first function.

(
(
(iii) Again, integrate by parts taking e as the first function. This will involve.l.
(iv) Transpose and collect terms involving | and then obtain the value of I.

Let I=J'eaX sinbx dx . Then IzjeaX .sin bx dx =—ee‘x.m—jae*"".(_coS bdex
I I b b

:_—1eax.cosbx +Ejeax.cosbxdx =_—1eax.cosbx + 2 w—jaeax.mdx
b bJ1 b b b b

-1 a i a’ i -1 a ) a’
=——e* cos bx +—2eaX .sinbx ——zjeax.sm bx dx. = ——e®.cos bx + —e* .sinbx — —1
b b b b 2 2

aZ ax ax
| + .— = —-(asinbx =bcos bx).. = | = ———(asinbx —bcos bx) +c
b®> b? ( ) a’ +b2( )
ax eax b
Thus, jeax sinbx = ———(asinbx —bcosbx)+¢ =-———=sin(bx - tan T+c
a +b aZ +b2 a
ax eax b
Similarly jeax.cos bx dx = ———-(acosbx +bsinbx)+c =——=—=cos| bx — tant = |+¢
a“+b az +b2 a
11
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Note: Iea".sin(bx +c)dx = e—[asin(bx + ¢) — b cos(bx +c)]+ k = e—sin (bx +¢)—tan* b +k
az + bz az + b2 a

J.eax.cos(bx +c)dx = ze ~[acos(bx +c)+ bsin(ox +c)]+k = e—cos{(bx +c)—tan 1(Eﬂ +k
a“+b a2 +b? a

Important Tips

ax ax
& Ixeax sin(bx +c)dx = %[asin(bx + ¢) — b cos(bx +c)]—%[(a2 —b?)sinbx (bx + c) — 2ab cos bx (bx +c)]+ k
a’+b (@ +b%)
ax X. e™ N 4 .
& Ix .e cos(bx +c)dx = [acos(bx +C)+Dbsin(x + c)] —b)z[(a ~b*)cos(bx +c)+ 2ab sin(ox +c)]+k
a’+b

X

X H _ a H _
Ia .sin(bx +c)dx = —(Ioga)z Y [(Ioga)sm(bx + ¢) — b cos(bx +c)]+ k
& Iax.cos(bx +c)dx = %[(Iog a)cos(bx + c) + bsin(px + c)]+ k
(loga)” +b

7. Evaluation of the various forms.ofiintegrals by use of Standard Results.

(1) Integral of the form _[ d— where ax? + bx + ¢ can not be resolved into factors.

ax? + bx ¢

- PEES g,

(2) Integral of the form _[ b
ax? +bx +c

(3) Integral of the form I

dx
Jax? +bx +¢

pX +9

vax? +bx +c

(4) Integral of the form I

(5) Integral of the form J‘de, where f(x) is a polynomial of degree 2 or greater than 2.
ax“ +bx +c
12
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(6) Integral of the form

x2+1
i) | ——————dx,
U -[x4 +kx%+1

2
(ii) _[ X—ldx Where k is any constant
x* +kx?+1

7) Integral of the form |+ax? + bx + ¢ dx
(7) Integ

(8) Integral of the form I(px +qnax?® +bx +cdx

dx
(9) Integral of the form I
PVQ
dx

(1) Integrals of the form I—b
ax‘ +bx +c

C
a a

We have, ax? +bx + ¢ = a(xz +2.x +—) =a{[x Y &

SR

Case (i): When b? —4ac >0

2a

dx
[formsz —az}

. where ax? + bx'+c cannot be resolved into factors.

2]

2ax +b —+b? —4ac
og J ..

) J' dx B 1J~ dx
.. 2 - 2!
ax®+bx+c a x+£2_ 2 Saglic
2a 2a
. b Vb® —4ac
. 1 log|— 22 28 |i¢ =
a b? - 4ac b b? - 4ac
2. X+t
2a 2a 2a
. " &
L -
L o]
— v
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Case (ii): When b? —4ac <0

dx 1 dx

Iax2+bx+c:g~[ 2 2’ formjx +a?

b 4ac —b?
X+—| +| ——

2a 2a

_1 L tn " +c = 2 tan{ 2ax +b }+c

a 4ac-b? v4ac -b? Védac -b? V4ac —b?
2a 2a
Working rule for evaluating Id—x : To evaluate this form of integrals proceed as follows :

ax“ +bx +c¢
(i) Make the coefficient of x? unity by taking ‘a’ common from ax? + bx + ¢.

(i) Express the terms containing x2 and x in the form of a perfect square by adding and subtracting the
square of half of the coefficient of x.

(iif) Put the linear expression in x equal to t and express the integrals in terms of t.

(iv) The resultant integrand will be either m_[ or_[ de 5 or_[ o - standard form. After
X° —a

2

. a? —x

x’4%a
using the standard formulae, express the results in terms of x.

&dx : The integration of the function pr—+q

ax? +bx+c ax“+bx +c
breaking px + q into two parts such that one part is the differential coefficient of the denominator and

(2) Integral of the form _[ is effected by

the other part is a_constant.

If M and N are two constants, then we express px+gq as px+q=M di(ax2 +bx +c)+ N
X

=M.(2ax +b)+ N =(2aM)x + Mb + N .

Comparing the coefficients of x and constant terms on both sides, we have, p =2aM =M = P and

2a

q=Mb+N=N=q—Mb=q--—-b.
2a

p(2ax+b)+[q—pr
& /4

Thus, M and N are known. Hence, the given integral is j&dx :j 2a . 2 «
ax” +bx +c ax“ +bx +c¢
P —fax+b dx (q_ﬂbjj—z dx P Jog| ax? + bx +C|+(q—£b)j—2 ax +C
2a’ ax” +bx +c 2a ax“ +bx+c 2a 2a ax“ +bx +c
14
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The integral on R.H.S. can be evaluated by the method discussed in previous section.

(i) If b® —4ac <0, then I&dx=£log|axz+bx +C| + ————= (2aq - bp) nt _Zax+b

ax” +bx +c 2a a\/4ac—b2 \/4ac—b2

(ii) If b* —4ac > 0, then

J‘&dx — P log| ax? +bx +¢| + (229 — bp) log

2ax +b —vb? - 4ac iy
ax? +bx +c¢ 2a 2avb? — 4ac

2ax +b ++/b? —4ac

(3) Integral of the form _[ : To evaluate this form of integrals proceed as follows :

dx
Vax? +bx +c¢
(i) Make the coefficient of x® unity by taking JJa common from+ax? + bx+ c.

Then,j

vax? +bx +c¢ \/_'[ c

x? +—x+
a a

(i) Put x? +2y + £ by the method of completing the square'in the form, YA2 — X2 or VX2 + A% or
a a

VX% — A? where, X is a linear function of x and A is a constant.

(iif) After this, use any of the following standard formulae according to the case under consideration

log| x +~/x* +a’ =log| x +vx* —a?| +c.

=sin

_[\/7 l[XJ+C = Im | +¢ and I%

Note: If a<0, b? —4ac >0, thenj g _ 1 Sinl[ 2ax +b ]+k.
Vax® +bx +c

v-a Vb2 - 4ac
22X + b
O1fa>0, b?-4ac <0, then smh ==~ |+k
J.\/ax +bx+c LMac—bz}
Qlfa>0, b2—4ac>0 Id—x —cosh 12aX—er+k

vax? +bx +c¢ x/_ vb? —4ac

15
T ] testprepkart
= www.testprepkart.com
k] QO =
— u info@testprepkart.com
S -

Preparation Classes Counseling Sessions Online Test Free Trial Classes (c) +91 - 9999001864



=N elE]e] Kart

PX +4

Jax? +bx +c¢

pX +q=Mdi(ax2+bx +0)+N = px+q=M(ax+b)+N
X

(4) Integral of the form _[ dx : To evaluate this form of integrals, first we write,

Where M and N are constants.
By equating the coefficients of x and constant terms on both sides, we get

p= 2aM:>M_2—paandq bM + N =N = q—b—IO

2a
In this way, the integral breaks up into two parts given by

j pX +q dxzzpa,[ 2ax +b

pr dx
X+|q-— || ——70—"vnw=
vax? +bx +c¢ Vax? +bx+c ( 2a '[\/ax2+bx+c

Now, I, = 2p J‘ 2ax +b

vax? +bx +c

Putting ax? + bx + ¢ = (2ax +b)dx = dt, we have, I, = pJ‘t'“zdt—zp —= 1+ C, _p\/ax +bx +c +C,

=1+ 1,, (say)

and 1, is calculated as in the previous section.

PX+4 dx = Pfax? +bx +c 4

Jax? +bx +c¢ a

Note: 2aq bp I

Jax? +bx+c

f(x)

(5) Integrals of the form _[ b
ax? +bx +c

dx, where f(x) is a polynomial of degree 2 or greater than 2:

To evaluate the integrals of the above form, divide the numerator by the denominator. Then, the

(NP, ¢

—_ Z—dx
ax? +bx +¢ ax“ +bhbx +c

integrals take the form given by
where, Q(x) is a polynomial and R(x) is a linear polynomial in x.

Then, we have (4dx _IQ(x)dx + #d
ax? +bx +c¢ ax? +bx +c

The integrals on R.H.S. can be obtained by the methods discussed earlier.
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x2 +1

(6) Integrals of the form j—dx and j—ldx : To evaluate the integral of the
x* +kx? +1 x* +kx? +1
2
form | :I%dx , proceed as follows
X* +kx®+1

1+ iz

(i) Divide the numerator and denominator by x? to get | = I—dex.
X?+k+—
X

(i) Put x—t ot 1+ Jax =dt and X2+ —22t2 5 x2+L 2212,
X X2 X2 x?2

dt

2

, which can be integrand as usual.
t°+2+k

Then, the given integral reduces to the form | =_[

(i) To evaluate | = j4dx we divide the numerator and denominator by x? and get

x* +kx? +1
-
| = X dx
X2 +k+ -~
XZ

Then, we put x+£=t:>(1—i2)dx =dt and x2+i2+2=t2 = x2+i2=t2—2.
X

X X X

dt .

Thus, we have t = J‘ﬁ which can be evaluated as usual.
-2+

Important Tips

2 2
+ Algebraic twins: ax = [ ax o [ XLk
9 J‘x +1 jx4+l +J‘x“+l

2 2 2
I 2 dx =J‘X4+ldx—J‘X4 1dx,J‘ 2 2x zdx,J‘ 2 2 - dx
x4 +1 x* +1 x* +1 x* +1+kx (x* +1+kx?)

2 2
We know the result of 1, =.[X “Lix and 1, _.[X4 Lx, so for j X
x4 +1 x* +1 x* +

dx and for _[f'—x we can use
1 X" +1

I+ -1
the result of 1; 2 and 12 2,

= Trigonometric twins: J.\/tan X dx, J.«/cot X dx, J‘ dx , I dx , jis'” XECOSX gy

(sin® x +cos* x)  Jsin® x+cos®x  J a+bsinxcos

17
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7) Integrals of the forms |+vax? +bx +c¢ dx : To evaluate this form of integrals, express ax? +bx + ¢
g

in the form a[(x +a)’ + ﬁz] by the method of completing the square and apply the standard result
discussed in the above section according to the case as may be.

. 3 (2ax +b)vax® +bx +¢ 4ac—hb? dx
Note: I\/ax +bx +c dx = + I
4a 8a 7 JaxZ+bx +c

(8) Integrals of the form I (px +q)vax? +bx +c dx : To evaluate this form of integral, proceed as

follows:
(i) First express (px +q) as px +q = Mdi(ax2 +bx +c)+ N = px+q=M(@ax+b)+N
X

Where, M and N are constant.

(i) Compare the coefficients of x and constant.terms on both sides, will get

p=2aM=M=-"-and q=Mb+N =N =q=Mb=q--b.
2a 2a

(iif) Now, write the given integral as

I(px +q)vax? #bx +cdx = 2£j(2ax +Db)vax? +bx +c dx +(q —Zib)jw/ax2 +bx +c dx
a a

p p
= ——b |[l,, (say).
2a 1+(q ’a ) 2, (say)

(iv) To evaluate 1, put ax? +bx +c =t and to evaluate I,, follows the method discussed in (7)

18
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(9) Integrals of the form I— (where P and Q and linear or quadratic expressions in x): To
Q

evaluate such types of integrals, we have following substitutions according to the nature of expressions
ofPand Qinx:

(i) When Q is linear and P is linear or quadratic, we put Q = t2.

(i) When P is linear and Q is quadratic, we put P =%.

(i) When both P and Q are quadratic, we put x = %

8. Integrals of the form jm and Iaugﬁ
+

To evaluate such form of integrals, proceed as follows:

1-tan? X 2tan >
(1) Put cos x = i and sinx = 2x'
1+tan2E 1+tan2E

X
(2) Replace 1 + tan? E|n the numerator by sec? = >

(3) Put tan % =t so that %sec2 %dx =dt.

(4) Now, evaluate the integral obtained which will be of the form _[ # by the method discussed
at“ +bt+c

earlier.

. dx

1 e

0 -[ a+bcosx
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Enowledge... Everywhere

Case |I: When a>b, then J. a-b tan g] +C

2 4
tan
a+bcosx a’ _p? a+b

1 \/b—atan§+\/b+a
Case Il: When a<b, thenj b — log i +C
a+beosx  Jp? _a Jb-atan —vb+a
Case Ill: When a=Db, then I——itan£+c.
a+bcosx a 2
. dx
i) | —
()-[a+bsinx
, dx 5 atang+b
Case I: When a2 >b%? or a>0 and a>b, then = tan * +C
J‘a+b5|nx Ja? —b? a? —p?
1 (atané b? -a’
Case Il: When a? <b?, then j = log
a+b5|nx b2 - a2

Case Ill: When a? =b?

In this case, either b=a or b=-a

(@ When b =a, then I

~1 T X 1
———cot —+—|+Cc="—[tan x —sec X]+¢C
a-+bsinx a 4 2 a

(b) When b = —a, then jb—zltan(%+%)+c.
asxbsinx a

g

Online Test
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9.

dx dx

Integrals of the form f

dx

a+bcos x +csin x '

J

asin X + bcos x

: To evaluate such integrals, we put b =rcosa and

(1) Integral of the form I .
a+bcos x +

c=rsina.

c
So that, r2 =b? +¢? and « :tanflg.

Again, Put x —a =t = dx =dt, we have | =_[

csin x

dx
a-+rcos(x —a)

dx a
a -+ r(cos a cos X + sina sin x)

- I

dt
a+rcost

Which can be evaluated by the method discussed earlier.

dx

(2) Integral of the form I

: To evaluate this type of integrals we substitute a = rcos @,

asin X + b cos x

b=rsind andso r=+va% +b?, a=tan’lE
a

dx 1 dx 1
So,J. - =—I - =—Icosec(x+a)dx
asinx+bcosx rYsin(x+a) r
1 X
=—I0gtan[—+gJ = log|tan £+£ta\n*19 +C
r 2 2 a’ + b2 272 a
—tan? . 2tan x /2
Note: The integral of the above form can be evaluated by using cos X = M and sin X = a—zl.
l+tan“x/2 l+tan“x/2

Important Tips

dx 2 (a-b)tan x/2+c

& If a>b, a® >b? +c?, thenj

& If a>b, a2<b2+cz,then.|.
dx

&

a+bcosx+csinx 4[a?2 _p2 _¢?

tan ! +k
vaZ -b?-c?

dx 1

a+bcosx +csinx \/bz +c2_ga?

I()({(a—b)tanx/2+c—\/b2 +c2-a

(@-b)tanx/2 +c +vb? +c? —a?
(b-aytanx/2-c—+yb? +c? —a?

}k

-1

Ifa<b,.|.

a+bcos x +csinx Jbz +c?_

log
a’ {

+k.
(b—a)tanx/2—c +vb? +c? —az}
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10. Integrals of the form

J‘ dx J‘ dx J‘ dx J‘ dx J‘ dx
a+bcos?x ' a+bsin?x ' J asin?x +bcos 2x 'J (asinx +bcosx)? 'J a+bsinx +ccos 2x

To evaluate the above forms of integrals proceed as follows:
(1) Divide both the numerator and denominator by cos? x.

(2) Replace sec? x in the denominator, if any by (1 + tan? x).
(3) Put tan x =t = sec? xdx = dt.
(4)

4) Now, evaluate the integral thus obtained, by the method discussed earlier.

11. Integrals of the form ff

asinx+b COS X - nd Iasinx+bcos X+q
c sinx +d cos X csinx+dcosXx+r

(1) Integrals of the formj asinx +bcos x dx : Such rational functions of sin x and cos x may be

csinx +dcos X

integrated by expressing the numerator of the integrand as follows:

Numerator = M (Diff. of denominator)+N (Denominator)

ie, asinx+bcosx=M di(csin x+d cos x)+ N(csin x +d cos x)
X

The arbitary constants M and N are determined by comparing the coefficients of sinx and cos x from
two sides of the above identity. Then, the given integral is

I—IaSInX+bCOSde _IM(ccosx—dsmx)+N(csmx+dcosx)dX :Mjccosx—dsmx

_[as! : : dx+N_[1dx
¢ sin x +d cos X csin x +d cos x csin x +d cos x

=M log| csinx +dcos x| +Nx +c.

22
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asinx +bcos x +
(2) Integrals of the form _[ y g dx : To evaluate this type of integrals, we express the
csinx +dcos X +r

numerator as follows: Numerator = M(Denominat or) + N(Differentiation of denominato r)+ P
i.e,(csinx +bcos x +g)=M(csinx +dcos x +r)+ N(ccos x —d sin x) + P.

where M, N, P are constants to be determined by comparing the coefficients of sinx,cos x and constant
term on both sides.

‘_‘J‘as!nx +bcosx +q dx =_[de N NJ‘lef.ofden_ommato " i +_[ _ dx
csinx +dcos X +r Denominato r csinx —dcos X +r

dx
dcosx +r

= Mx + N log| Denominato r| +PI -
csinx +

Important Tips

- J‘acosx+bsmx _ac+hbd ad —bc

> >——10g| ccos x +d sinx| +c .
ccos X +dsinx ¢ +d c“+d

12. Integration of Rational'Banctions by using Partial Fractions

f(x)

(1) Proper rational functions: Functions of the form ﬂ where f(x) and g(x) are polynomial and
g(x

g(x) = 0, are called rational functions of x.

If degree of f(x)is less than degree of g(x), then % is called a proper rational function.
X
(2) Improper rational function: If degree of f(x) is greater than or equal to degree ofg(x), then fEX;
X

is called an improper rational function and every improper rational function can be transformed to a

proper rational function by dividing the numerator by the denominator.
3

For example, 7 Er a6 is an improper rational function and can be expressed as
X +
(x+5)+ M which is the sum of a polynomial (x +5) and a proper function iQx——SO
x2 —5x+6 X —5X+6
23
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(3) Partial fractions: Any proper rational function can be broken up into a group of different rational
fractions, each having a simple factor of the denominator of the original rational function. Each such
fraction is called a partial fraction.

If by some process, we can break a given rational function % into different fractions, whose
g(x

denominators are the factors of g(x), then the process of obtaining them is called the resolution or

¢ 1)
X

decomposition o into its partial fractions.

Depending on the nature of the factors of the denominator, the following cases arise.
Case I: When the denominator consists of non-repeated linear factors: To each linear factor (x —a)
occurring once in the denominator of a proper fraction, there corresponds a single partial fraction of the

A . .
form ——, where A is a constant to be determined.

Case Il: When the denominator consists of linear factors, some repeated: To each linear factor
(x —a) occurring r times in the denominator of a proper rational function, there corresponds a sum of r

partial fractions of the form.
A, N A, A,

+
Xx-a (x-a)’ (x—a)'

Where A's are constants to be determined. Of course, A; is not equal to zero.

Case IlI: When the denominator consists of quadratic factors: To each irreducible non repeated

AX + B

2

, where A
ax“ +hx +c

quadratic factor ax? + bx + ¢, there corresponds a partial fraction of the form

and B are constants to-be determined.
To each irreducible quadratic factor ax > + bx + ¢ occurring r times in the denominator of a proper

rational fraction there corresponds a sum of r partial fractions of the form
A x+ B, N A,x+ B, A X + B,

+ +
ax® +bx +c (ax? +bx +¢)? (ax? +bx +¢)"

Where, A's and B's are constants to be determined.

- v
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(4) General methods of finding the constants

(1) In the given proper fraction, first of all factorize the denominator.

(ii) Express the given proper fraction into its partial fractions according to rules given above and multiply
both the sides by the denominator of the given fraction.

(iif) Equate the coefficients of like powers of x in the resulting identity and solve the equations so
obtained simultaneously to find the various constant is short method. Sometimes, we substitute
particular values of the variable x in the identity obtained after clearing of fractions to find some or all
the constants. For non-repeated linear factors, the values of x used as those for which the denominator
of the corresponding partial fractions become zero.

Note: If the given fraction is improper, then before finding partial fractions, the given fraction must be expressed
as sum of a polynomial and a proper fraction by division.

(5) Special cases: Some times a suitable substitution transform the given function to a rational fraction
which can be integrated by breaking it into partial fractions.

13. Integration of Trigonometric Functions

(1) Integral of the form Isin Mx cos "xdx : (i) To evaluate the integrals of the form
| = Isinm x cos" x dx, where m and n-are rational numbers.

(a) Substitute sinx =t, if n is.odd;

(b) Substitute cos x=t, if misodd;

(c) Substitute tan x =t, if m +n is a negative even integer; and

(d) Substitute cot x =t, if %(n —1) is an integer.

(e) If m and n are rational numbers and (m%n—?_) is a negative integer, then substitution cosx =t or
tan x =t is found suitable.

(i) Integrals of the form IR(sin x,cos x)dx, where R is a rational function of sin x and cos x, are

transformed into integrals of a rational function by the substitution tan rln t,where —z < x <z. Thisis

25
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the so called universal substitution. Sometimes it is more convenient to make the substitution cot 3 =t

for 0 < x < 2rm.

The above substitution enables us to integrate any function of the form R(sin x,cos x). However, in

practice, it sometimes leads to extremely complex rational function. In some cases, the integral can be
simplified by:

(a) Substituting sinx =t, if the integral is of the form IR(sin x)cos x dx.

(b) Substituting cos x =t, if the integral is of the form IR(cos x)sin x dx.

(c) Substituting tan x = t, i.e., dx = o if the integral is dependent only on tan x.
+

(d) Substitutingcos x =t, if R(-sin x, cos x) = —R(sin x, cos x)

(e) Substitutingsinx =t if R(sin x,—cos x) = —R(sin X, cos X)

(f) Substitutingtan x = t, if R(-sin x,—cos x) =—R(sin X, cos X)

Important Tips

& To evaluate integrals of the form Isin mx cos nx dx, Isin mXx . sin nx dx,Icos mx .cosnx dx and

Icos mx .sin nx dx, we use the following trigonometrical identities.

sinmx .cos nx = %[sin(m — )X+ sin(m + n)x] = €osmx .sinnx = %[sin(m +n)Xx —sin(m —n)x]

sinmx .sinnx = %[cos(m —n)x —ces(m +n)x] = cosmx .cosnx = %[cos(m —n)X + cos(m + n)x]

26
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(2) Reduction formulae for special cases

—cos x.sin" ! x

. . n-1¢. .,
(i) jsm”xdx: + jsm” 2 x dx
n n
N sinxcos"'x n-1 -
(ii) Icos” x dx = + Icos” 2 x dx
n n
n-1

n

(i) [tan" x dx =m—1)(—jtan”’2x dx
n_

(iv) Icot” x dx :_—11c0tnl X —_[cot”*2 X dx

(v) Isec”xdx = 11 [sec”*2 x.tanx+(n—2).|.sec”*2xdx]

(vi) Icosec”x dx = L[— cosec” *x.cot X +(n — Z)Icosec”’zx dx]

(h-1)

sin?™ x.cos" ™ x L -1
p+q p+q

(vii) jsinpxcosqxdx =- Isinp’zx.cosqxdx

sinP* x.cos?™ x -1
p+q p+q

(viii) Isinp x cos? x dx = Isinp X.c0s 972 x dx

. dx X (2n=3) dx
(IX I = — + —
(x%+k)"  k@2n-2)(x? +k)™  k@n-2)J (x* +k)"*

Important Tips

. in" . 1 sin"'x (-1
- Reduction formulae for | =I X G 08 1y = —— - Ny
(n,m) cos™ x (n,m) m-1"cos™ ! x (m 71) (n-2,m-2)
27
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14. Integration of Hyperbolic Functions

(1) Isinhxdx =cos hx +c

2 Icos hx dx =sinhx +¢

3) Isec h?xdx =tanhx +¢

(4) Icosec h?x dx =—cot hx +¢
(5) Isec hx tan hx dx = —sec hx + ¢

(6) Icosec hx cot hdx = —cosec hx + ¢

15. Integral of the type f[x, (ax + b)™™™ (ax + b)™™..] where f is a rational function
and [myynimyyny are Integers.,

To evaluate such type of integral, we transform.it into an integral of rational function by putting
(ax +b) = t°, where s is the least common multiple (L.C.M.) of the numbers n,,n,.

Integrals of the form Ix”‘(a +bx ")Pdx

Case | : If p e N (Natural'number). We expand the integral with the help of binomial theorem and

integrate.
28
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16. Integrals using Euler's substitution

Integrals of the form _[ f(x),/(@x? + bx +c) dx are calculated with the aid of one of the three Euler

substitution:

(1) vax? +bx +c=t+x+/a, if a>0.
(2) vax? +bx + ¢ =tx = c, if ¢> 0.

(3) vax? +bc +c=(x —a)t, if ax? +bx +c=a(x —a)(x — fB),i.e. if x is real root of (ax? + bx +c).

Note: The Euler substitution often lead to rather some calculations, therefore gheyishould be applied only when it
is difficult to find another method for calculating the given integral

17. Some Integrals which cannot besfound

Any function continuous on interval (a, b) has an antiderivative in that interval. In other words, there
exists a function F(x) such that F'(x)= f(x).

However not every antiderivative F(x), even when it exists is expressible in closed form in terms of

elementary functions such as polynomials, trigonometric, logarithmic, exponential etc. function. Then we
say that such antiderivatives or integrals "cannot be found." Some typical examples are:

. dx

0 J.Iog X

(ii) IeXde
(i) jli‘zxs dx

(iv) [¥/1+x2dx

Preparation Classes Counseling Sessions

I
v
Online Test

Free Trial Classes

29

@ www.testprepkart.com
info@testprepkart.com
(€ +91-9999001864



Testprep [ el
) I\/1+x3dx
(vi) v1—k? sin? x dx

(vii) Ie‘xzdx

(viii) j “%dx

COS X
dx
X

P
L 4

(i) |

(x) I\/sin X dx
(xi) Isin(xz)dx
(i) [ cos(x*)dx

(xiii) Ix tan x dx etc.
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