Evaluation of the various forms of Integrals by use of Standard
Results.

(1) Integral of the form j 5 dx , where ax? + bx + ¢ can not be resolved into factors.
ax” +bx +c

(2) Integral of the form fxidx.
ax” +bx +c

(3) Integral of the form j

dx
vax* +bx +¢

(4) Integral of the form J. px+q dx.

Nax? +bx +c

Sx)

(5) Integral of the form J. 5
ax” +bx +c

dx, where f{(x) is a polynomial of degree 2 or greater than

2.

(6) Integral of the form

2
. x°+1

)| ————dx,
()J‘x4 +hx?+1

(i) J‘%dx,Where k is any constant
x"+kx®+1

(7) Integral of the form J.\/ax 2 4bx +cdx
(8) Integral of the form I(px +gWax? +bx +cdx

(9) Integral of the form j

dx
)



(1) Integrals of the form ILI’, where ax? + bx + ¢ cannot be resolved into
ax”- +bx +c¢

factors.

2 2
We have, ax2+bx+c=a(x2+2.x+£j=a{(x+ij _Lbz_sﬂ
a a 2a 4a a
( bjz b* —4ac
=a/|x+—| -| ———
2a 4a*

Case (i): When % —4ac >0

dx 1 dx dx
~.'J.az)c2+bx+c=;"‘ 2 27 form".xZ—a2
(x+ b B Vb? —4ac
2a 2a
b b’ —dac
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= — log +c
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Case (ii): When b? —4ac <0
1
J‘azx2 j)lcax +c:;J. 2 = 2’ [formJ.Xdeaz}
b 4ac - b*
x+—| +
2a 2a
1 | G, 2 1{ 2ax +b }
== —tan | —=£ |+c=————tan | —— |+¢C
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Working rule for evaluating J-+ : To evaluate this form of integrals proceed as
ax- +bx +c¢

follows :
(i) Make the coefficient of x* unity by taking 'a common from ax* + bx +c.

(i) Express the terms containing x> and x in the form of a perfect square by adding and
subtracting the square of half of the coefficient of x.
(iii) Put the linear expression in xequal to fand express the integrals in terms of ¢

(iv) The resultant integrand will be either in J' orJ' zdx 5 orj 2dx 5 standard form.
X a —X

—da

2 2
X" +a

After using the standard formulae, express the results in terms of x.

2

(2) Integral of the form .[pr#dx : The integration of the function _pxrqg is
ax” +bx +c ax” +bx +c

effected by breaking px + ¢ into two parts such that one part is the differential coefficient of

the denominator and the other part is a constant.
If Mand N are two constants, then we express px +q as  px +q = Mdi(ax2 +bx+c)+ N
X

=M.Q2ax +b)+ N =QaM)x + Mb + N .

Comparing the coefficients of xand constant terms on both sides, we have, p =2aM = M = L

2a

and q=Mb+N:>N=q—Mb=q—2£b.
a

Thus, Mand N are known. Hence, the given integral is

2p(2ax+b)+(q—2pbj S ,
BT RRN — a ), _»p ;’x—+dx+(q_£bjjz—"
ax” +bx +c ax” +bx +c 2a9 ax” +bx +c 2a ax” +bx +c

p 2 p dx
= log|lax* +bx +c| Hq-—b || ———+C
2a el | (q 2a jjax2+bx +c

The integral on RH.S. can be evaluated by the method discussed in previous section.
(i) If b> —4ac <0, then
#dx =£log| ax® +bx +c| + (249 — bp) tan ! 2ax +b
ax” +bx +c 2a av4ac - b Vaac - b
(i) If b*> —4ac > 0,then

+k

2ax +b —Vb?* — 4ac

2ax +b +Vb? —4dac

EALT RN )

_ (2aq - bp) log
ax? +bx +¢ 2a

2avb? — dac

log| ax* +bx +¢| + +k




(3) Integral of the form I : To evaluate this form of integrals proceed as

dx
Vax? +bx +c¢

follows :
(i) Make the coefficient of x? unity by taking va common from+ax? + bx +c.

Then, I

Vax? +bx +c \/_'[ c

waleif
a a

(i) Put x? +éx +<, by the method of completing the square in the form, v 4> - X* or
a

a

VX% + 4% orv X2 — 4 where, Xis a linear function of xand A s a constant.

(iii) After this, use any of the following standard formulae according to the case under
consideration

= sin

1(x)+c:>jm log| x +Vx* +a*| +cand

=log| x +Vx? —a?| +c.

-
I

dx 1 2ax +b
Note: If a<0, b* —4ac > 0, then = sin_l(—}rk.
J‘\/axz+bx+c v—a Vb* —4ac
2ax + b
QIf a>0,b% —4ac <0, then sin h‘{—:lﬂc
‘[\/ax +bx + ¢ \/_ Vdac - b*
00,5 a0 [ g 2t

vax? +bx +c¢ \/Z b* —4ac

px t+4q

vax? +bx +¢

d
px -I—szd—(ax2 +bx+c)+ N = px+qg=MQRax+b)+ N
x

(4) Integral of the form I dx : To evaluate this form of integrals, first we write,

Where Mand N are constants.
By equating the coefficients of xand constant terms on both sides, we get

p= 2aM:>M—2—andq bM +N =N = q—l;p
a

In this way, the integral breaks up into two parts given by



[N B A P S S v

q—_ _—
Vax? +bx-|—c  2a Vax? -I—bx+c Nax? +bx +c¢

2ax +b

Vax? +bx +c¢

Putting ax® + bx + ¢ = (2ax + b)dx = dt, we have,

1, —ij-t_l/zdt =£.t—+C1 =L ax? +bx +¢ +C,
2a 2 1

a a

NowI—pI

2
and ], is calculated as in the previous section.

+
Note: & \/ax +bx +c+ 2aq - bp.[

Vax? +bx +¢ Vax? +bx+c

Jx)

dx, where f(x) is a polynomial of degree 2 or greater
24bx +c

(5) Integrals of the form I

than 2:

To evaluate the integrals of the above form, divide the numerator by the denominator. Then, the

) oy s R

— 7 —5———dx
ax® +bx +c¢ ax” +bx +c¢

integrals take the form given by

where, QO(x) is a polynomial and R(x) is a linear polynomial in x.

Then, we have J‘de = IQ(x)dx +I&d
ax” +bx +c ax” +bx +c¢

The integrals on R.H.S. can be obtained by the methods discussed earlier.

2
dx and J.de : To evaluate the
x* +hx? +1

xr+1
2

(6) Integrals of the form j P "
xt vkt +

integral of the form /= I al k:l dx , proceed as follows
xt +1



1+ Lz
(i) Divide the numerator and denominator by x* to get I = I—xldx.
X 2 + k + 72
X

(ii) Putx—l=t3(1+%)dx =dt and FEITIR SN S SN S S I

2
X X X Xz

Then, the given integral reduces to the form 7= J‘zd—ék, which can be integrand as usual.
T +2+
2
(iii) To evaluate I = J.%dx we divide the numerator and denominator by x* and get
X" +kx +1
L

1= J'—x dx

2 1

X" + k + —
X

Then, we put x+l=t:>(1_%jdx =dt and x2+%+2=t2: x2+L2=t2—2.
X X X X
dt

5 , which can be evaluated as usual.
1 —-2+k

Thus, we have ¢ =J-

Important Tips

2 2 2 _
- A/gebraictwins:j 2x dxzjx +1dx+jx LN

x*+1 x*+1 x4+l

2 2 2
.[42 dx :Ix4+1dx—jx4 ldx,j42x 2dx,j B S
xT+1 x"+1 x"+1 x* +1+kx (" +14+kx7)

2 2 2
We know the result of I, = jx—“dx andr, = .[ . Lax, so forj X v and forJ. = we can
x4+l x*+1 x4+l xt+1
I +1 I -1
use the result of ; L and1_2.

= Trigonometric twins: I Jian x dx, .[Jcot x dx, I d I dx

. > . >
(sin* x +cos* x) J sin® x+cos® x

+sinx + cos x
— —dx

a + b sin x cos



(7) Integrals of the forms I«/ax 2 4 bx + ¢ dx :To evaluate this form of integrals, express

ax? +bx +c in the form a[(x +a)’ + ﬁz] by the method of completing the square and apply the
standard result discussed in the above section according to the case as may be.

(2ax +b)Vax* + bx +c+4ac—b2J- dx
4a 8a vax® +bx +c

Note: .[ ax® +bx +c¢ dx =

(8) Integrals of the form .[(px +¢g)Vax? + bx +c dx :To evaluate this form of integral,

proceed as follows:

- d

(1) First express (px +¢) as px +q = Md—(ax +bx +c)+ N = px +q=MQax +b)+ N
X

Where, Mand N are constant.

(i) Compare the coefficients of x and constant terms on both sides, will get

p=2aM:sM:2£andq=Mb+N:>N=q—Mb:q—2£b.
a a

(iii) Now, write the given integral as

I(px +q)Vax? +bx +cdx = LJ‘(Zax +b)Wax® +bx +c dx +(q —Lb)jwlaxz +bx +c dx
2a 2a

p p
=21 +lg-L-b |1, (say).
g (q 2aj2(}’)

(iv) To evaluate 1;, put ax* + bx + ¢ =t and to evaluate I,, follows the method discussed in (7)



,(where Pand @ and linear or quadratic expressions in x):

(9) Integrals of the form J. _dx
P

To evaluate such types of integrals, we have following substitutions according to the nature of
expressions of Pand Qin x:

(i) When Qis linear and Pis linear or quadratic, we put Q = ¢°.

(i) When Pis linear and Qs quadratic, we put P =%.

(iii) When both Pand Q are quadratic, we put x = %



