Geometry of Complex Numbers

(1) Geometrical representation of algebraic operations on complex numbers

(i) Sum: Let the complex numbers z, = x, +iy, =(x,,y,) and z, =x, +iy, =(x,,y,) be
represented by the points P and Q on the argand plane. Qlxzy2) R(x1#Xa, y2ty)
Then sum of z, and z, i.e, z, +z,is represented by the point R. Complex ' '

number z can be represented by OR. e

= (6 ) I 2= D) 19 = @ 22) = () + (607 S
In vector notation, we have z, +z, = OP + 00 = OP + PR = OR o N Lk "
(i) Difference:We first represent —z, by Q', so that QQ' is bisected at O.
The point R represents the difference z, - z,.
In parallelogram ORPQ, OR = @; Qlx2y2)
We have in vectorial notation z, —z, = OP — 00 = OP + Q0 Plx,y)
_ 0P + PR - OR - 0P . 5 x

R(x1=Xa, y1—Y2)

(iii) Product: Let z, =r,(cos @, +isin@,)=re' Q=)

~| z,|=randarg (z,)=60, and z, =r,(cosf, +isinf,)=r,e"”

~| z,|=randarg (z,) =6,
Then, z,z, =rr,(cos O, +isinb,)(cos 8, +isinb,)
= nr,{cos(8, +0,)+isin(@, +06,)}

-] z,z,|=nrand arg (z,z,)=6, +0,

R is the point representing product of complex numbers z, and z,.

Important Tips

=Multiplication of i : Since z = r(cos6 +ising)and i:(cos%ﬂsin%) then

iz = cos(E + 9) + isin(E + 9)
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Hence, multiplication of z with i then vector for z rotates a right angle in the positive sense.



i.e., To multiply a vector by -1 is to turn it through two right angles.
i.e., To multiply a vector by (cos 6 +isin#)is to turn it through the angle 6 in the positive

sense.
(iv) Division:Let z, = 7,(cos 6, +isin#,) = r,e™
Y
| z,|=7 andarg(z,) = 6, Q(z,)
o i0 5
andz, =ry(cos 0, +isin,) = re'” Pz
D [ X
0 %-61 g,

-] z,| =r,andarg(z,) = 6,

z; _ 1 (cosf, +isinb)) (2, 20, 1, £ 0)
- 2 > 12

Then — -
z, 1 (cos@, +isind,)

i [cos(t91 —0,)+isin(6, - 6, )]
2
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Note: The vertical angle Ris — (8, —6,) ie, 6, —0,.
If 6, and @, are the principal values of z, and z, then 8, + 68, and 8, — 8, are not necessarily the

principal value of arg (z,z,)and arg (z, /z,).



