Argument of a Complex Number

Let z = a +ib be any complex number. If this complex number is represented geometrically by a
point P, then the angle made by the line OP with real axis is known as
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argument or amplitude of z and is expressed as (-,+)”\£g/ P(2)
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arg(z)=60 =tan""' (;} 6 = ZPOM . Also, argument of a complex number is X IR

not unique, since if @ be a value of the argument, so also is 2nz + 6, wherenel. 7+ _n

(1) Principal value of arg (z): The value & of the argument, which satisfies the
inequality — 7 < @ < x is called the principal value of argument. Principal values of argument z
willbe 0,7 —0,—- 7 + 6 and — 6 according as the point z lies in the 1%, 2", 3" and 4™ quadrants
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respectively, where 8 = tan~'|—|= ¢ (acute angle). Principal value of Y
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argument of any complex number lies between-z <@ <r. y (=+) (++)
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(i) a,be First quadranta > 0,b > 0. arg(z) =6 = tan 1(—) Itis an —(7-6) | -0
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acute angle and positive. v
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(i) (a,b)e Second quadrant, a <0,b > 0,arg(z)=0 =7z —tan "' [LJ It is an obtuse angle and
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(iii) (a,b) € Third quadrant ¢ <0,b <0,arg(z)=6 = -7 + tan' (éj It is an obtuse angle and
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negative.

(iv) (a,h)e Fourth quadrant a >0,b <0,arg(z)=6 = —tan"' ('ﬂj It is an acute angle and
a

negative.
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Quadrant X y arg(z) Interval of 6
I + + 7 0<O<rm/2
II - + w—-0 nl2<0<rxw
Im - - ~(7-0) —r<0<-7/2
v + - -6 -r/2<0<0

Note: Argument of the complex number 0 is not defined.

Principal value of argument of a purely real number is O if the real number is positive and is 7 if the real
number is negative.

Principal value of argument of a purely imaginary number is 7 /2 if the imaginary part is positive and is
— /2 if the imaginary part is negative.



(2) Properties of arguments

(i) arg (z,z,) = arg(z,)+arg(z,)+2kx, (k=0o0r1or-1)

In general
arg(z,2,Z 5 ceeee. z,)=arg(z,)+arg(z,)+arg(z;)+ .......... +arg(z,)+ 2kx, (k=0 or 1 or —1)

(i) arg(z,z,) = arg(z,) —arg(z,)

(iii) arg[z—ljzargzl —argz, +2kx, (k=00r Tor-1)

Zy

(iv) arg(éJ =2argz + 2kx, (k =0o0r10or-1)
z

(v) arg(z")=nargz +2kz, k=00or1or-1)

(vi) Ifarg[z—zJ =6, then arg(z—lJ =2kmr—6 ,where kel

z, z,
(vii) argz = —argz = argé

(viil) arg(z—2)=+7/2

(ix) arg(~z) = arg(z)+ 7

(X) arg(z)+ arg(z) =0 orarg(z) = —arg(z)

(xi) arg(z)—arg(z)=+x



(xii) z,z, +z,z, =2| z,| | z,| cos (8, — 8,),whered, = arg(z,) and 6, = arg(z,)

Note: Proper value of k must be chosen so that R.H.S. of (i), (ii), (iii) and (iv) lies in (-z,7)

The property of argument is same as the property of logarithm.

If arg (z) lies between — 7z and 7z (x inclusive), then this value itself is the principal value of arg (z). If not,
see whether arg (z) > wor <—x.If arg(z) > 7, go on subtracting 2z until it lies between — 7 and 7z (x

inclusive). The value thus obtained will be the principal value of arg (z).

The general value of arg(z)is 2nzm —arg(z).

Important Tips

@ If 2=z, o|z|=|z,| and argz, = arg z,.

T |z +z,|=|z ]+l 2|  arg@)=arg,) i.e, z; and z; are parallel.

T |z +z,|=|z ]+l 7| © arg@)-arg(z,) =2nz, where nis some integer.

T | zy-z,] =z -] z,|| © argz)-arg(z,)=2nx, Where n is some integer.

T |z, 4z, |=|z, - z,|e arg(z))-arg,) =z/2 .

& If| z,1<1) z,| =1 then (i) |zl +22|2 < (|21|*|22|)2 + (arg(zl)—arg(zz))z (ii) |z1 +22|2 > (lzll +|22|)2 -
(arg (z))—arg (zz))2

T |z 45| =]z #|zf 20 2 1] 2,] cos(8, - 6,).

Tz -z =z #| 2 =20 2] 25| cos(d, - 0,).

& If|z|=z,] and amp(z,)+amp(z,)=0, then z, +z, are conjugate complex numbers of each
other.

& z#0, amp(z+z)=0 OF myamp(zz)=0;amp (z —z)==27x/2.

& arg()=0, arg (-1)=marg@() =z/2, arg(-i=-z/2.

T arg()= % =Re(z) = Im(2).

@  Amplitude of complex number in I and II quadrant is always positive and in II'* and IV*"

quadrant is always negative.
& If a complex number multiplied by i (Iota) its amplitude will be increased by /2 and will

be decreased by z/2, if multiplied by —i, i.e. arg(iz):%Jrarg(z) and arg(fiz):arg(z)fg.




Complex number
+ve Re (2)

—-ve Re (2)

+ve Im (2)

-ve Im (2)

-(2)

(iz)

—(iz)
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(z,.2,)

Value of argument
0

T

/2
3n/2 or—7m/2

|0+ 7|, if 0 is —ve and +ve respectively

{% + arg(z)}
{arg(z) - %}

n. arg (2)
arg (z4) + arg (z2)
arg (z4) — arg (z,)



