Direction cosines and Direction ratio

(1) Direction cosines

(i) The cosines of the angle made by a line in anticlockwise direction with
positive direction of co-ordinate axes are called the direction cosines of that
line.

If a, B, y be the angles which a given directed line makes with the positive

direction of the x, y, z co-ordinate axes respectively, then cosa, cosp, cosy are
called the direction cosines of the given line and are generally denoted by |, m, n respectively.
Thus, /=cosa, m =cos # and n=cos y.

By definition, it follows that the direction cosine of the axis of x are respectively cos 07, cos 907,
cos 907 i.e. (1, 0, 0). Similarly direction cosines of the axes of y and z are respectively (0, 1, 0) and
(0,0, 7).

Relation between the direction cosines: Let OP be any line through the origin O which has
direction cosines |, m, n. Let P = (x,y,z) and OP = r. Then OP* = x> +y* +z* =¢* ... (i)

From P draw PA, PB, PC perpendicular on the co-ordinate axes, so that

OA =x, 0B =y, OC = z. Also, ZPOA = a,ZPOB = fand £ZPOC =y .

From triangle AOP, [ =cosa = -
r

Similarly y =mr and z =nr.

Hence from (i), (> +m?* +n®)=x>+y* +z? =r* =01 +m? +n* =1

or, cos’ @ +cos”> f+cos’ y =1, 0r, sin> a+sin* f+sin’ y =2

Note: If OP = r and the co-ordinates of point P be (x, y, z), then d.c.'s of line OP are x/r, y/r, z/r.
L . .. b
Direction cosines of r=ai + bj + ck are i,—,i.
el x| ||
Since =1 < cosx < 1, Vx € R, hence values of |, m, n are such real numbers which are not less than — 1
and not greater than 1. Hence d.c.'s € [-1,1].

The direction cosines of a line parallel to any co-ordinate axis are equal to the direction cosines of the co-
ordinate axis.



The number of lines which are equally inclined to the co-ordinate axes is 4.

. . 1
If I, m, n are the d.c.'s of a line, then the maximum value of Imn = ———.
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Important Tips

= The angles o, B, y are called the direction angles of line AB.

= The d.c.'s of line BA are cos (n— a), cos (r — B) and cos (n —y) i.e., —cosa, —COsp, —Cosy.
= Angles a, B, y are not coplanar.

= a + f + yisnotequal to 360° as these angles do not lie in same plane.

= If P(x, y,z) be a point in space such that r=o0p has d.c.'s |, m, n then
x=llr,y=m|r|,z=n|r|.

= Projection of a vector r on the co-ordinate axes are /| r|, m| r|, n| r|.

@ ror|(i+mj+nk) and r=7h+mj+nk

(2) Direction ratio

(i) Three numbers which are proportional to the direction cosines of a line are called the
direction ratio of that line. If a, b, c are three numbers proportional to direction cosines |, m, n of
a ling, then a, b, c are called its direction ratios. They are also called direction numbers or
direction components.

Hence by definition, we have i=%=£=k (say) = | = ak, m = bk, n = ck
a C
=0 +m? +n’> =@’ +b* +cz)=k2:>k=i;
Va* +b* +c?
a b c

=t ——— m=4% n=x=%

Na* +b? +¢? Na* +b? +¢? Na* +b* +¢?

where the sign should be taken all positive or all negative.

Note: Direction ratios are not uniques, whereas d.c.'s are unique. i.e, a® +b* +c? = 1

(i) Let r=ai + bj+ ck be avector. Thenitsd.r.'sare a, b, c

| x|

va? +b* +¢?

If avectorrhasd.r.'s a, b, cthen r= (ai + bj + cK)



(iii) D.c.’s and d.r.’s of a line joining two points:The direction ratios of line PQ joining
P(x,,y,,z,) and QO(x,,y,,z,)are x, —x, =a, y, -y, =b and z, —z, = c (say).

Then direction cosines are, Qbayz2.)
/= (x, —x)) m = a2 —y1) "= (z, —2¢) Freoyuzs)
\/z(xz_)ﬁ)z ’ V2, —x,) ’ V2(x, —x,)
Xy — X Yo =W Zz_Zl‘

ie, =

,m = N =

PQ PO PO



