Angle between Two lines

(1) Cartesian form:Let 6 be the angle between two straight lines AB and AC whose direction
cosines are /;,m,,n, and l,,m,,n, respectively, is given by c
cos@ =L, +mm, +nmn,.

If direction ratios of two lines a,,b,,c¢, and a,,b,,c, are given, then angle

a,a, +b,b, +c,c, A

between two lines is given by cos 8 =

\/alz +b] +ct .\/af +b3 +c3

Particular results:We have,
sin@=1-cos’ =1 +ml +n})G; +m3 +nd)—(,L, +m,m, +nn,)’

=(ym, _lzm1)2 +(mn, _m2”1)2 +(nl, _”211)2

=sinf = J_r\/Z(llm2 —1,m,)* , which is known as Lagrange's identity.

The value of sinb can easily be obtained by the following form.
Ly m ’

sin@z\/
/

When d.r.'s of the lines are given if a,,b,,c, and a,,b,,c, are d.r.'s of given two lines, then

\/Z(albz _a2b1)2

2 g2, 2 [ 2 2 2
\/al +b; +¢ \/az+b2+c2
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m, n

2 My n, n,

angle 6 between them is given by siné =

Condition of perpendicularity:If the given lines are perpendicular, then 8 =90° i.e. cos6 = 0

=ll,+mm, +nn, =00raa, +b,b, +c,c, =0

Condition of parallelism:If the given lines are parallel, then 8 =0° i.e. sin = 0
=m, —Lym,)* +(mn, —m,n,)* +(n,l, —n,l,)> =0, which is true, only when
Lmy,—I,m, =0, mn, —m,yn, =0 and n,l, —n,l, =0
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Ly m, n,



.. a
Similarly, = =L =L,
a, by ¢

. . afl
Note: The angle between any two diagonals of a cube is cos 1[5)

2
The angle between a diagonal of a cube and the diagonal of a faces of the cube is cos™ [\/;}

If a straight line makes angles a, B, v, 8 with the diagonals of a cube, then
4
cos’a+cos? B+cos? y+cos’ S =§

If the edges of a rectangular parallelopiped be a, b, ¢, then the angles between the two diagonals are

cos”! ta’+b? +c?
a’> +b* +¢?

(2) Vector form:Let the vector equations of two linesbe r=a, + b, and r=a, + ib,

As the lines are parallel to the vectors b, and b, respectively, therefore angle between the
lines is same as the angle between the vectors b, and b, . Thus iff is the angle between the
given lines, then cos 0 = _biby
| byl by

Note: If the lines are perpendicular, then b,.b, =0.

If the lines are parallel, then b, and b, are parallel, therefore b, = Ab, for some scalar &



