Inverse Hyperbolic Functions

If sinhy = x, theny is called the inverse hyperbolic sine of x and it is written as y =sinh™' x .

Similarly cosech™x,cosh™ x,tanh ™' x etc. can be defined.

(1) Domain and range of Inverse hyperbolic function

Function Domain Range
sinh ™' x R R
cosh™ x [1, ) R

tanh ' x LD R
coth™ x R-[-1,1] R,
sech™ x (0, 1] R
cosech ™ x R, R,

(2) Relation between inverse hyperbolic function and inverse circular function
Method: Let sinh ™' x =y
= x =sinhy = —isin(iy)=ix = sin(iy) =iy = sin"' (ix)

=y = —isin”' (ix) = sinh ' x = —isin"' (ix)

Therefore we get the following relations
(i) sinh™ x = —isin™" (ix)

(i) cosh™ x = —icos™ x

(iii) tanh ' x = —itan "' (ix)
(iv) sech™'x = —isec ' x

(v) cosech 'x = icosec ' (ix)

(3) To express any one inverse hyperbolic function in terms of the other inverse
hyperbolic functions

To express sinh™' x in terms of the others



. . . a1
(i) Let sinh™ x =y = x = sinh y = cosech y =l:>y = cosec 1[—}
x X

(i) - coshy =\/1+sinh2y = V1 +x2

vy = cosh ' V1 +x? =sinh ! x =cosh ™' V1 +x2

(i) -+ tanh y = sinh y _ sinh y _ X
cosh y \/1+sinh2y \/1+x2
oy =tanh™ X —sinh'x = tanh"!
1+x? 1+x?
(iv) -+ cothy = \/1 +sinh2y _ \/1 +x°

sinhy X

V1+x? V1+x?

sy =coth™ = sinh™' x =coth ™
X X
1 1 1
(v) wsechy=—= =
cosh y \/1+sinh2y \/1+x2
. _ 1
y=sech™ =sinh™” x =sech™
1+x’ 1+x?

(vi) Also, sinh™ x = cosech ™ (lj
X

From the above, it is clear that

X

coth ™' x = tanh (lj

sech™x =cosh™ (lj

X

cosech ' =sinh™ (l]
X

Note: If x is real then all the above six inverse functions are single valued.



(4) Relation between inverse hyperbolic functions and logarithmic functions
Method:

Let sinh™' x =y

y _,7) +’ 2

= x =sinhy =T:>e2y —2xe? —1=0=¢”

But ¢’ >0,Vy and x <+x*+1
et =x+Vxt+1 =y =logx +Vx* +1)
~sinh™ x =log(x +vVx* +1)

By the above method we can obtain the following relations between inverse hyperbolic
functions and principal values of logarithmic functions.

(i) sinh™' x =log(x + Vx> +1) (—00 < X < o0)
(i) cosh™ x =log(x +vVx* —1) x=1
(iii) tanhllelog[1+x} | x|<1
2 1-x
(iv)cothllelog[x+lj | x|>1
2 x—1
[ 2
(v) sech™'x = log[uJ 0<x<l1
X

(vi) cosech 'x = log[ (x=0)

1+x/1+x2J

X

_ _ - : . 1
Note: Formulae for values of cosech "'x, sech™ x and coth™ x may be obtained by replacing x by —
X

in the values of sinh™ x,cosh™ x and tanh ' x respectively.



