Properties of Definite Integral

(1 Ibf(x)dx = Ibf(t)dt i.e., The value of a definite integral remains unchanged if its variable is

replaced by any other symbol.

() Ibf(x)dx = —J‘:f(x)dx i.e., by the interchange in the limits of definite integral, the sign of the

integral is changed.

b c b
3) j Ax)dx = j Ax)dx + j flx)dx , (wherea < ¢ < b)

b c, c,) b
or Lf(x)dx =J.a f(x)dx + J-c fx)dx + ... + L f(x)dx; (where a<c¢, <c, <..... ¢, <b)

Generally this property is used when the integrand has two or more rules in the integration
interval.

Important Tips

b
@ J' (|x-a|+|x=b]) dx =(b-ay

Note: Property (3) is useful when f(x) is not continuous in [a, b] because we can break up the integral
into several integrals at the points of discontinuity so that the function is continuous in the sub-intervals.
The expression for f(x) changes at the end points of each of the sub-interval. You might at times be
puzzled about the end points as limits of integration. You may not be sure for x = 0 as the limit of the first
integral or the next one. In fact, it is immaterial, as the area of the line is always zero. Therefore, even if

0
you write j 1 (1 —2x)dx, whereas 0 is not included in its domain it is deemed to be understood that you

are approaching x = 0 from the left in the first integral and from right in the second integral. Similarly for x
=1



4) j:f(x)dx = J:f(a — x)dx : This property can be used only when lower limit is zero. It is

generally used for those complicated integrals whose denominators are unchanged when x is

replaced by (a - x).

Following integrals can be obtained with the help of above property.
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(VI).[O f(sinx)dx = J.O fl(cos x)dx

. /2 /2
(vii) jo fltan x)dx = jo flcot x)dx

cee l 1
(viii) jo flog x)dx = jo Mog(l - x)]dx

. /2 /2
(ix) J-o log tan xdx =J-0 log cot xdx

/4 V4
(x) J'O log(1 + tan x)dv = <-log 2



/2 . /2 — 1
(xi) IO log sin xdx = IO logcos xdx = TﬂlogZ = %10g5

.. (7/2 asinx+bcosx 7/2 qgsec x +b cosec x 7/2 qgtan x +b cot x T
(xii) jo d j d j dx =~ -(a+b)

sin x + cos x 0 sec x +cosec x 0 tan x +cot x

©) [ foorde = [ fw)+ fiexyd.

ZIoaf(x)dx, if f(x) is even function or f(—x) = f(x)

In special case: r fx)dx =
- 0 ,if f(x)is odd is odd function or f(—x) = —f(x)

This property is generally used when integrand is either even or odd function of x.

© [ oo = [ feox + [ fea-x)dx

0 , if f(Qa—x)=—f(x)

. 2a
In particular, [ fx)dx Z{z [ foodx, it faa-x)= fox)

It is generally used to make half the upper limit.

™ [ ") dx = [ "fa+b — x)dx

ote: J‘b Sx)dx = l(b —a)
a f(x)+fla+b—-x) 2

(8) j: x flx)dx = %aj: Sf(x)dx if fla—x) = f(x)

(9) If f(x) is a periodic function with period T, then j:Tf(x)dx = nJ;T f(x)dx



Deduction: If f(x) is a periodic function with period T and ae R", then J-a;"Tf(x)dx = joa f(x)dx

(10)

(i) If fix) is a periodic function with period T, then

ja+an(x)dx =n J-OTf(x)dx wheren e I

(@) In particular, ifa =0

nT T
jo fx)dx = njo f(x)dx, wheren e

b)Ifn=1, jo””f(x)dx - jOT f(x)dx,
(i J'; fix)dx = (n—m) J'OTf(x)dx, where n, m e I

. b+nT b
(ii) LW Ax)dx = j f(x)dx, wherenz1

(11 If f(x) is a periodic function with period T, then J%Tf(x) is independent of a.
(12) J'bf(x)dx =(b—a)J'0l B —-ayx +a)dx
(13) If finis an odd function, then  ¢(x)= rf(t)dt is an even function

(14) If f(x) is an even function, then ¢ (x)= Kf(t)dt is on odd function.



X
Note: If f(t) is an even function, then for a non zero ‘a’, I f(H)dt is not necessarily an odd function. It will
0

be odd function if j:f(t)dt =0

Important Tips

& Every continuous function defined on [a, b] is integrable over [a, b].
& Every monotonic function defined on [a, b] is integrable over [a, b].
< If f(x) is a continuous function defined on [a, b], then there exists ¢ e(,5) such that
b
I Jx)dx = f(c).(b—a).

The number fc) = ;).[bf(x)dx is called the mean value of the function f(x) on the interval
a)da

® -
[a, b].
= If fis continuous on [a, b], then the integral function g defined by g(x) = Ef(z)dt for x e[a,b]
is derivable on [a, b] and g'(x) = f(x) for all x e[a,5].
= If mand M are the smallest and greatest values of a function f(x) on an interval [a, b], then
m(b - a) sff(x)dx < M(b —a)

=  If the function ¢(x) and w(x), are defined on [a, b] and differentiable at a point x&(,5) and

. . w(x)
f(t) is continuous for ¢() <t < w®), then (jf(t)dtJ = ()W (x) — o))’ (x)
o(x)

[ o | < [ 7ol an

« If f2(x) and g*(x) are integrable on [a, b], then ff(x)g(x)dx

b 1/2 b 1/2
< ( J-fz(x)de ng(x)de

=  Change of variables: If the function f(x) is continuous on [a, b] and the function x = ¢(¥) is

continuously differentiable on the interval [7,,1,] and a = ¢(1,),b = o(t,), then
[ st = [ o i

@  Letafunction f(x,a) be continuous for a<x<band c<a<d.Then for any a<clc,d], if
1(a):ff(x,a)dx, then P(a):L[}'(x,a)dx,

Where I(e) is the derivative of I(a) w.rt. o and f(x,a) is the derivative of f(x,a) w.r.t. o,
keeping x constant.

& For a given function f(x) continuous on [a, b] if you are able to find two continuous
function f£(x) and f,(x) on [a, b] such that 7 (x)< f(x)< £,(x) Vx €[a,b], then



ffl(x)dx < Lbf(x)dx Sffz(x)dx



