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ABOUT THIS BOOK

If you don’t have a pencil in your hand, get one now! Don’t just read this book—write on it, study it,
scrutinize it! In short, for the next four weeks, this book should be a part of your life. When you have
finished the book, it should be marked-up, dog-eared, tattered and torn.

Although the SAT is a difficult test, it is a very learnable test. This is not to say that the SAT is
“beatable.” There is no bag of tricks that will show you how to master it overnight. You probably have
already realized this. Some books, nevertheless, offer "inside stuff" or "tricks™ which they claim will enable
you to beat the test. These include declaring that answer-choices B, C, or D are more likely to be correct
than choices A or E. This tactic, like most of its type, does not work. It is offered to give the student the
feeling that he or she is getting the scoop on the test.

The SAT cannot be “beaten.” But it can be mastered—through hard work, analytical thought, and by
training yourself to think like a test writer. Many of the exercises in this book are designed to prompt you to
think like a test writer. For example, you will find “Duals.” These are pairs of similar problems in which
only one property is different. They illustrate the process of creating SAT questions.

The SAT math sections are not easy—nor is this book. To improve your SAT math score, you must
be willing to work; if you study hard and master the techniques in this book, your score will
improve—significantly.

This book will introduce you to numerous analytic techniques that will help you immensely, not only
on the SAT but in college as well. For this reason, studying for the SAT can be a rewarding and satisfying
experience.

To insure that you perform at your expected level on the actual SAT, you need to develop a level of
mathematical skill that is greater than what is tested on the SAT. Hence, about 10% of the math problems
in this book (labeled "Very Hard") are harder than actual SAT math problems.

Although the quick-fix method is not offered in this book, about 15% of the material is dedicated to
studying how the questions are constructed. Knowing how the problems are written and how the test
writers think will give you useful insight into the problems and make them less mysterious. Moreover,
familiarity with the SAT’s structure will help reduce your anxiety. The more you know about this test, the
less anxious you will be the day you take it.
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ORIENTATION

Format of the Math Sections

The Math sections include two types of questions: Multiple-choice and Grid-ins They are designed to test
your ability to solve problems, not to test your mathematical knowledge. The questions in each sub-section
are listed in ascending order of difficulty. So, if a section begins with 8 multiple-choice questions followed
by 10 grid-ins, then Question 1 will be the easiest multiple-choice question and Question 8 will be the
hardest. Then Question 9 will be the easiest grid-in question and Question 18 will be the hardest. There
will be two 25-minute math sections and one 20-minute section. The sections can appear anywhere in the
test.

Section Type Time
44 Multiple-choice 70 minutes
Math 10 Grid-ins (two 25-minute sections and one
54 Total Questions 20-minute section)

Level of Difficulty

The mathematical skills tested on the SAT are basic: only first year algebra, geometry (no proofs),
and a few basic concepts from second year algebra. However, this does not mean that the math section is
easy. The medium of basic mathematics is chosen so that everyone taking the test will be on a fairly even
playing field. This way students who are concentrating in math and science don’t have an undue advantage
over students who are concentrating in English and humanities. Although the questions require only basic
mathematics and all have simple solutions, it can require considerable ingenuity to find the simple solution.
If you have taken a course in calculus or another advanced math course, don’t assume that you will find the
math section easy. Other than increasing your mathematical maturity, little you learned in calculus will
help on the SAT.

As mentioned above, every SAT math problem has a simple solution, but finding that simple solution
may not be easy. The intent of the math section is to test how skilled you are at finding the simple
solutions. The premise is that if you spend a lot of time working out long solutions you will not finish as
much of the test as students who spot the short, simple solutions. So, if you find yourself performing long
calculations or applying advanced mathematics—stop. You’re heading in the wrong direction.

Tackle the math problems in the order given, and don’t worry if you fail to reach the last few
questions. It’s better to work accurately than quickly.

You may bring a calculator to the test, but all questions can be answered without using a calculator.
Be careful not to overuse the calculator; it can slow you down.
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Scoring the SAT

The three parts of the test are scored independently. You will receive a reading score, a writing score, and
a math score. Each score ranges from 200 to 800, with a total test score of 600-2400. The average score of
each section is about 500. Thus, the total average score is about 1500.

In addition to the scaled score, you will be assigned a percentile ranking, which gives the percentage
of students with scores below yours. For instance, if you score in the 80th percentile, then you will have
scored better than 80 out of every 100 test takers.

The PSAT

The only difference between the SAT and the PSAT is the format and the number of questions (fewer),
except for Algebra Il questions, which do not appear. Hence, all the techniques developed in this book
apply just as well to the PSAT.

The Structure of this Book

Because it can be rather dull to spend a lot of time reviewing basic math before tackling full-fledged SAT
problems, the first few chapters present techniques that don’t require much foundational knowledge of
mathematics. Then, in latter chapters, review is introduced as needed.

The problems in the exercises are ranked Easy, Medium, Hard, and Very Hard. This helps you to
determine how well you are prepared for the test.



Orientation

Directions and Reference Material

Be sure you understand the directions below so that you do not need to read or interpret them during the
test.

Directions

Solve each problem and decide which one of the choices given is best. Fill in the corresponding circle on
your answer sheet. You can use any available space for scratchwork.

Notes

1. All numbers used are real numbers.

2. Figures are drawn as accurately as possible EXCEPT when it is stated that the figure is not drawn to
scale. All figures lie in a plane unless otherwise indicated.

3. Unless otherwise stated, the domain of a function f should be assumed to be the set of all real
numbers x for which f(x) is real number.

Note 1 indicates that complex numbers, i =+/-1, do not appear on the test.

Note 2 indicates that figures are drawn accurately. Hence, you can check your work and in some cases even
solve a problem by “eyeballing” the figure. We’ll discuss this technique in detail later. If a drawing is
labeled “Figure not drawn to scale,” then the drawing is not accurate. In this case, an angle that appears to
be 90° may not be or an object that appears congruent to another object may not be. The statement “All
figures lie in a plane unless otherwise indicated” indicates that two-dimensional figures do not represent
three-dimensional objects. That is, the drawing of a circle is not representing a sphere, and the drawing of a
square is not representing a cube.

Note 3 indicates that both the domain and range of a function consist of real numbers, not complex
numbers. It also indicates that a function is defined only on its domain. This allows us to avoid stating the

domain each time a function is presented. For example, in the function f(x)= % we do not need to
X -
state that the 4 is not part of the domain since f(4) = ﬁ =% is undefined. The expression % isnota

real number; it does not even exist.

Reference Information

| : h f o W .
‘h ) h b c 2x 601 s|45™8+/2
w : " X

b | N § 30° n S45°
— 2 1 X«/g
é ’2“ - lw A= > bh V =Iwh V=mr’nh c*=a?+b?  Special Right Triangles
= Z7nr

The number of degrees of arc in a circle is 360.
The sum of the measures in degrees of the angles of a triangle is 180.

Although this reference material can be handy, be sure you know it well so that you do not waste time
looking it up during the test.
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Substitution

Substitution is a very useful technique for solving SAT math problems. It often reduces hard problems to
routine ones. In the substitution method, we choose numbers that have the properties given in the problem
and plug them into the answer-choices. A few examples will illustrate.

Example 1:  If nis an even integer, which one of the following is an odd integer?

A n?

n+1
(B) 2
(C) -2n-4
(D) 2n?-3

(E)  4n%+2

We are told that n is an even integer. So, choose an even integer for n, say, 2 and substitute it into each

. . . . .. +
answer-choice. Now, n? becomes 2% = 4, which is not an odd integer. So eliminate (A). Next, nTl =

%:% is not an odd integer—eliminate (B). Next, -2n-4=-2-2-4=-4-4 =-8 is not an odd

integer—eliminate (C). Next, 2n’ -3 =2(2)* -3 =2(4) -3 =8 -3 =5 is odd and hence the answer is
possibly (D). Finally, \/n?+2 =+/22 + 2 =+/4 + 2 =+/6, which is not odd—eliminate (E). The answer is
(D).

» When using the substitution method, be sure to check every answer-choice because the number you
choose may work for more than one answer-choice. If this does occur, then choose another number
and plug it in, and so on, until you have eliminated all but the answer. This may sound like a lot of
computing, but the calculations can usually be done in a few seconds.

Example 2:  If nis an integer, which of the following CANNOT be an integer?

n-2
A JRR—
A =
® n
2
C .
© 1
(D) Yn?+3
1
E
(E) 1o
n-2_0-2_-2_ L . - o=
Choose nto be 0. Then 7_7_7__1’ which is an integer. So eliminate (A). Next, Jn=+0=0.
EHmHmm(B)hmm,H%I:E%I:%ZZ.EHmmMe«D.hmm,Vn2+3:V02+ = J0+3=+/3, which
. . . 1 1 1 1 .
is not an integer—it may be our answer. However, 5 =.= = =./=, which is notan
nc+2 0°+2 0+2 2

13



14  SAT Math Bible

integer as well. So, we choose another number, say, 1. Then Yn?+3 =412 +3=4/1+3 = V4 =2, which is
an integer, eliminating (D). Thus, choice (E), %2 is the answer.
\nZ+

Example 3:  Ifx v, and z are positive integers such that x <y <z and x +y + z = 6, then what is the value
ofz?

(A)
(B)
(€)
(D)
(E)

From the given inequality x <y < z, it is clear that the positive integers x, y, and z are different and are in
the increasing order of size.

gD wWwN

Assume x > 1. Theny > 2 and z > 3. Adding the inequalities yields x +y + z > 6. This contradicts the given
equation x +y + z = 6. Hence, the assumption x > 1 is false. Since x is a positive integer, x must be 1.

Next, assumey > 2. Thenz >3and x+y+z=1+y+z>1+2+3=6,50x+Yy+2z>6. This contradicts
the given equation x +y + z = 6. Hence, the assumption y > 2 is incorrect. Since we know y is a positive
integer and greater than x (= 1), y must be 2.

Now, the substituting known values in equation x +y + z = 6 yields 1 + 2 + z = 6, or z = 3. The answer is

©).

Method Il (without substitution):

We have the inequality x <y < z and the equation x + y + z = 6. Since X is a positive integer, x > 1. From the
inequality x < y <z, we have two inequalities: y > x andz > y. Applying the first inequality (y > x) to the
inequality x = 1 yields y = 2 (since y is also a positive integer, given); and applying the second inequality
(z > y) to the second inequality y = 2 yields z = 3 (since z is also a positive integer, given). Summing the
inequalities x > 1,y = 2, and z = 3 yieldsx +y + z > 6. But we have x +y +z = 6, exactly. This happens
only when x=1,y=2,and z = 3 (hot when x> 1, y> 2, and z > 3). Hence, z = 3, and the answer is (C).

Problem Set A: Solve the following problems by using substitution.

> Easy

1. By how much is the greatest of five consecutive even integers greater than the smallest among them?

A 1

®) 2

Cc) 4

(D) 8

(E) 10
>» Medium

2. Which one of the following could be an integer?

(A)  Average of two consecutive integers.
(B)  Average of three consecutive integers.
(C)  Awverage of four consecutive integers.
(D)  Average of six consecutive integers.
(E) Average of 6 and 9.
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3. (The average of five consecutive integers starting from m) — (the average of six consecutive integers
starting from m) =

(A) -1/4

(B) -1/2

© o

(D) 1/2

(E) 1/4
» Hard

4.  The remainder when the positive integer m is divided by n is r. What is the remainder when 2m is
divided by 2n ?

(A) T

B) 2r

(©) 2n

(D) m-nr
(E) 2(m-nr)

5. If 1 <p <3, then which of the following could be true?

(h  p<2p

(I p*=2p

) p*>2p

(A) lonly

(B) llonly

(C) Hlonly

(D) land Il only
(E) I, H,and 1l

6. 1f 42.42 = k(14 + m/50), where k and m are positive integers and m < 50, then what is the value of

k+m?
(A) 6
®) 7
(C) 8
(D) 9
(E) 10

7. If pand g are both positive integers such that p/9 + g/10 is also an integer, then which one of the
following numbers could p equal?

A 3
(B) 4
© 9
(D) 11

(E) 19
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Answers and Solutions to Problem Set A

» Easy

1. Choose any 5 consecutive even integers—say—?2, 4, 6, 8, 10. The largest in this group is 10, and the
smallest is 2. Their difference is 10 — 2 = 8. The answer is (D).

» Medium
- . . . 1+2+3 _6 _
2. Choose any three consecutive integers, say, 1, 2, and 3. Forming their average yields =37 2
Since 2 is an integer, the answer is (B).
Method Il (without substitution):
a+(a+1)

Choice (A): Let a and a + 1 be the consecutive integers. The average of the two is

2a+1
2

1 . . . . . .
=a +§, certainly not an integer since a is an integer. Reject.

Choice (B): Leta, a+ 1, and a + 2 be the three consecutive integers. The average of the three
a+(a+1)+(a+2) _3a+3
3

numbers is =a+1, certainly an integer since a is an integer. Correct.

Choice (C): Leta,a+ 1, a+ 2, and a + 3 be the four consecutive integers. The average of the four
at(a+l)+(a+2)+(a+3) _4a+6 _
4 4

numbers is

3 . . . .
at E, certalnly not an integer since a Is an

integer. Reject.

Choice (D): Leta,a+1,a+2,a+3, a+4,anda+ 5 be the six consecutive integers. The average of
a+(a+l)+(a+2)+(a+3)+(a+4)+(a+5) _6a+15 _
6 6

. . 5 .
the six numbers is a+ > certainly not an

integer since a is an integer. Reject.

Choice (E): The average of 6 and 9 is % = % = 7.5, not an integer. Reject.

The answer is (B).

3. Choose any five consecutive integers, say, -2, =1, 0, 1 and 2. (We chose these particular numbers to
make the calculation as easy as possible. But any five consecutive integers will do. For example, 1, 2, 3, 4,
and 5.) Forming the average yields (-1 + (-2) + 0 + 1 + 2)/5 = 0/5 = 0. Now, add 3 to the set to form 6
consecutive integers: -2, -1, 0, 1, 2, and 3. Forming the average yields

~1+(-2)+0+1+2+3 _

6
[-1+(=2)+0+1+2]+3 _
5 =
[01+3_ . , .
. since the average of -1 + (-2) + 0 + 1 + 2 is zero, their sum must be zero
3/6 =
1/2

(The average of five consecutive integers starting from m) — (The average of six consecutive integers
starting from m) = (0) — (1/2) = -1/2.

The answer is (B).



Substitution

Method Il (without substitution):
The five consecutive integers starting from marem,m + 1, m + 2, m + 3, and m + 4. The average of the
five numbers equals

the sum of the five numbers _
5

m+Mm+D)+(mM+2)+(M+3)+(Mm+4) _
. =

Sm+10 _

-

m+2

The average of six consecutive integers starting frommarem, m+ 1, m+2,m+3, m+4,and m+5. The
average of the six numbers equals

the sum of the six numbers _
6

m+Mm+H+M+2)+M+3+(M+4)+(m+5) _
6
6m+15 _
s -
m+5/2 =
m+2+1/2=
(m+2)+1/2

(The average of five consecutive integers starting from m) — (The average of six consecutive integers
starting from m) = (m + 2) — [(m + 2) + 1/2] = -1/2.

The answer is (B).
> Hard
4. As a particular case, suppose m =7 and n = 4. Then m/n = 7/4 = 1 + 3/4. Here, the remainder r equals 3.

Now, 2m =2 -7 =14 and 2n =2 - 4 = 8. Hence, 2m/2n = 14/8 = 1 + 6/8. Here, the remainder is 6. Now,
let’s choose the answer-choice that equals 6.

Choice (A): r = 3 # 6. Reject.

Choice (B): 2r =2 - 3 = 6. Possible answer.

Choice (C): 2n =2 - 4 = 8 # 6. Reject.

Choice (D): m—-nr=7-4-3=-5# 6. Reject.

Choice (E): 2(m—nr) =2(7 -4 - 3) = 2(-5) =-10 # 6. Reject.

Hence, the answer is (B).

Method Il (without substitution):

Since the remainder when m is divided by n is r, we can represent m as m = kn + r, where k is some integer.
Now, 2m equals 2kn + 2r. Hence, dividing 2m by 2n yields 2m/2n = (2kn + 2r)/2n = k + 2r/2n. Since we are
dividing by 2n (not by n), the remainder when divided by 2n is 2r. The answer is (B).

5. If p=3/2, then p? = (3/2)2 = 9/4 = 2.25 and 2p = 2- 3/2 = 3. Hence, p® < 2p, | is true, and clearly 11
(0? = 2p) and 111 (p? > 2p) are both false. This is true forall 1 <p < 2.

If p =2, then p? =2 =4 and 2p = 2 - 2 = 4. Hence, p? = 2p, Il is true, and clearly I (p* < 2p) and Il
(p? > 2p) are both false.

17
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If p = 5/2, then p? = (5/2)* = 25/4 = 6.25 and 2p = 2 - 5/2 = 5. Hence, p? > 2p, Il is true, and clearly |
(p? < 2p) and 11(p? = 2p) are both false. This is true for any 2 < p < 3.

Hence, exactly one of the three choices I, Il, and Il is true simultaneously (for a given value of p). The
answer is (E).

6. We are given that k is a positive integer and m is a positive integer less than 50. We are also given that
42.42 = k(14 + m/50).

Suppose k = 1. Then k(14 + m/50) = 14 + m/50 = 42.42. Solving for m yields m = 50(42.42 — 14) =
50 x 28.42, which is not less than 50. Hence, k # 1.

Now, suppose k = 2. Then k(14 + m/50) = 2(14 + m/50) = 42.42, or (14 + m/50) = 21.21. Solving for m
yields m=50(21.21 — 14) = 50 x 7.21, which is not less than 50. Hence, k # 2.

Now, suppose k = 3. Then k(14 + m/50) = 3(14 + m/50) = 42.42, or (14 + m/50) = 14.14. Solving for m
yields m = 50(14.14 — 14) = 50 x 0.14 = 7, which is less than 50. Hence,k =3 andm =7 and k + m =
3+7=10.

The answer is (E).

7. If pis not divisible by 9 and q is not divisible by 10, then p/9 results in a non-terminating decimal and
g/10 results in a terminating decimal and the sum of the two would not result in an integer. [Because
(a terminating decimal) + (a non-terminating decimal) is always a non-terminating decimal, and a non-
terminating decimal is not an integer.]

Since we are given that the expression is an integer, p must be divisible by 9.

For example, if p =1 and g = 10, the expression equals 1/9 + 10/10 = 1.11..., not an integer.

If p=9and q =5, the expression equals 9/9 + 5/10 = 1.5, not an integer.

If p=9and q = 10, the expression equals 9/9 + 10/10 = 2, an integer.

In short, p must be a positive integer divisible by 9. The answer is (C).



Substitution

Substitution (Plugging In): Sometimes instead of making up numbers to substitute into the problem, we

can use the actual answer-choices. This is called “Plugging In.” It is a very effective technique, but not as
common as Substitution.

Example 1:

If (@ —Db)(a +b) =7 x 13, then which one of the following pairs could be the values of a and
b, respectively?

(A) 7,13
(B) 5,15
(C) 3,10
(D) -10,3
(E) -3,-10

Substitute the values for a and b shown in the answer-choices into the expression (a — b)(a + b):

Choice (A): (7 - 13)(7 + 13) =6 x 20

Choice (B): (5 — 15)(5 + 15) = —10 x 20

Choice (C): (3-10)(3+10)=-7x 13

Choice (D): (-10-3)(-10 +3) =13 x (-7) =7 x 13

Choice (E): (-3 - (-10))(-3 + (-10)) = 7 x (-13)

Since only choice (D) equals the product 7 x 13, the answer is (D).

Example 2:

If a® + a?—a -1 =0, then which one of the following could be the value of a?

(A)
(B)
(€)
(D)
(E)

A WNPEFEO

Let’s test which answer-choice satisfies the equation a® + a?—a—-1=0.

Choice (A):
Choice (B):
Choice (C):
Choice (D):
Choice (E):

*+a’-a-1=0*+0>-0-1=-1=0. Reject.
.a®+a*-a-1=1%+12-1-1=0. Correct.
*+a’-a-1=2%+22-2-1=9#0. Reject.
*+a’-a-1=3*+32-3-1=32%0. Reject.
+a’-a-1=43+42-4-1=75%0. Reject.

QD

wN PO
QD

SRR SR )
o un
f N -

QO

The answer is (B).

Method Il (This problem can also be solved by factoring.)

a+a’-a-1=0
a’a+1)-(a+1)=0
(@+1)@-1=0
(@+1@+1)(a-1)=0
a+t1l=0o0ra-1=0

Hence, a = 1 or 1. The answer is (B).

19
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Problem Set B:
Use the method of Plugging In to solve the following problems.

» Easy

1. FX-=-3)X+2)=X-2)(X+3),then X =

@A -3
B) -2
<G 0
D) 2
E 3

2. Which one of the following is the solution of the system of equations given?

X+2y=17
X+y=4
(A) x=3,y=2
B) x=2,y=3
@ x=1,y=3
D) x=3,y=1
E) x=7,y=1
>» Medium

3. IfX*+4x+ 3 is odd, then which one of the following could be the value of X ?

(A) 3
B) 5
< 9
D) 13
(B) 16

4. If (2x + 1) = 100, then which one of the following COULD equal X ?

A -1112
B) -912
©) 112
(D) 132
(BE) 1712
>» Hard

5. The number m yields a remainder p when divided by 14 and a remainder q when divided by 7. If
p =g + 7, then which one of the following could be the value of m ?

(A) 45
B) 53
© 7
D) 85

(E) 100



Substitution

Answers and Solutions to Problem Set B

> Easy
1. If x =0, then the equation (x— 3)(x + 2) = (x — 2)(x + 3) becomes
(0-3)(0 +2) = (0-2)(0 +3)
(=3)(2) = (=2)(3)

The answer is (C).

2. The given system of equations isx + 2y = 7 and x + y = 4. Now, just substitute each answer-choice into
the two equations and see which one works (start checking with the easiest equation, x +y = 4):

Choice (A): x =3,y =2: Here,x + y=3 + 2 =5 # 4. Reject.

Choice (B): x=2,y = 3: Here, x+y =2+ 3 =5 # 4. Reject.

Choice (C): x=1,y=3: Here,x+y=1+3=4=4,andx +2y=1+ 2(3) = 7. Correct.

Choice (D):x=3,y=1:Here,x +y=3+1=4,butx+ 2y =3+ 2(1) =5 # 7. Reject.

Choice (E): x =7,y =1: Here,x +y=7+1 = 8 # 4. Reject.
The answer is (C).
Method Il (without substitution):
In the system of equations, subtracting the bottom equation from the top one yields (x + 2y) — (x +y) =
7 —4, ory = 3. Substituting this result in the bottom equation yields x + 3 = 4. Solving the equation for x
yields x=1.
The answer is (C).

» Medium

3. Let’s substitute the given choices for x in the expression x* + 4x + 3 and find out which one results in an
odd number.

Choice (A): x=3. X+ 4x+ 3 =3+ 4(3) + 3=9 + 12 + 3 = 24, an even number. Reject.
Choice (B): x =5. X%+ 4x+ 3 =52+ 4(5) + 3 =25 + 20 + 3 = 48, an even number. Reject.
Choice (C): x = 9. X%+ 4x+ 3 =92+ 4(9) + 3 =81+ 36 + 3 = 120, an even number. Reject.
Choice (D): x = 13. X2+ 4x + 3 = 13? + 4(13) + 3 = 169 + 52 + 3 = 224, an even number. Reject.
Choice (E): x = 16. X* + 4x + 3 = 16° + 4(16) + 3 = 256 + 64 + 3 = 323, an odd number. Correct.

The answer is (E).
Method Il (without substitution):

X* + 4x+ 3 = An Odd Number

X2+ 4x = An Odd Number - 3

X* + 4x = An Even Number

X(x + 4) = An Even Number. This happens only when x is even. If x is odd, x(x + 4) is not even.
Hence, x must be even. Since 16 is the only even answer-choice, the answer is (E).
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2
4. Choice (A): (2x + 1)* = (2[_711} + 1) =(-11+ 1)2 = (—10)2 =100. Since this value of x satisfies the
equation, the answer is (A).
Method Il (without substitution):
Square rooting both sides of the given equation (2x + 1) = 100 yields two equations: 2x + 1 = 10 and 2x +
1 = -10. Solving the first equation for x yields x = 9/2, and solving the second equation for x yields x =
—-11/2. We have the second solution in choice (A), so the answer is (A).
> Hard
5. Select the choice that satisfies the equationp=q + 7.

Choice (A): Suppose m = 45. Then m/14 = 45/14 = 3 + 3/14. So, the remainder is p = 3. Also, m/7 = 45/7 =
6 + 3/7. So, the remainder is g = 3. Here, p # q + 7. So, reject the choice.

Choice (B): Suppose m = 53. Then m/14 = 53/14 = 3 + 11/14. So, the remainder is p = 11. Also, m/7 =
53/7 =7 + 4/7. So, the remainder is q = 4. Here, p = q + 7. So, select the choice.

Choice (C): Suppose m = 72. Then m/14 = 72/14 = 5 + 2/14. So, the remainder is p = 2. Now, m/7 = 72/7 =
10 + 2/7. So, the remainder is q = 2. Here, p # q + 7. So, reject the choice.

Choice (D): Suppose m = 85. Then m/14 = 85/14 = 6 + 1/14. So, the remainder is p = 1. Now, m/7 = 85/7 =
12 + 1/7. So, the remainder is g = 1. Here, p # q + 7. So, reject the choice.

Choice (E): Suppose m = 100. Then m/14 = 100/14 = 7 + 2/14. So, the remainder is p = 2. Now, m/7 =
100/7 = 14 + 2/7. So, the remainder is q = 2. Here, p #q + 7. So, reject the choice.

Hence, the answer is (B).



Defined Functions

Defined functions are very common on the SAT, and at first most students struggle with them. Yet, once
you get used to them, defined functions can be some of the easiest problems on the test. In this type of
problem, you will be given a symbol and a property that defines the symbol. Some examples will illustrate.

Example 1:  If x* y represents the number of integers between x and y, then (-2 * 8) + (2 * -8) =

(A) 0
B) 9
C) 10
(D) 18
(E) 20

The integers between -2 and 8 are -1, 0, 1, 2, 3, 4, 5, 6, 7 (a total of 9). Hence, -2 * 8 = 9. The integers
between -8 and 2 are: -7, -6, -5, -4, -3, -2, -1, 0, 1 (a total of 9). Hence, 2 * -8 = 9. Therefore,
(-2*8) +(2*-8) =9 +9=18. The answer is (D).

Example 2:  For any positive integer n, n! denotes the product of all the integers from 1 through n. What
is the value of 3!(7 - 2)! ?

(A) 2!
(B) 3!
(C) 5!
(D) 6!
(E) 10!
31(7-2)1=3!- 5!

As defined, 3!=3-2-1=6and5!'=5-4-3-2- 1.

Hence, 31(7—2)!=31-51=6(5-4-3-2-1)=6-5-4-3-2- 1=6, as defined.

The answer is (D).

Example 3: A function @ is defined on positive integers as @(a) = @(a — 1) + 1. If the value of @(1) is

1, then @(3) equals which one of the following?

(A)
(B)
(€)
(D)
(E)

The function @ is defined on positive integers by the rule @(a) = @(a—1) + 1.

A wWNEF O

Using the rule fora=2vyields @2)=@(2-1)+1=@(1)+1=1+1=2.[Since @(1) = 1, given.]
Using the rule fora =3 yields @3) =@(3-1)+1=@(2) +1 =2+ 1= 3. [Since @(2) = 2, derived.]

Hence, @(3) = 3, and the answer is (D).
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You may be wondering how defined functions differ from the functions, f (x), you studied in Intermediate

Algebra and more advanced math courses. They don’t differ. They are the same old concept you dealt
with in your math classes. The function in Example 3 could just as easily be written as

fla) =fla-1) +1

The purpose of defined functions is to see how well you can adapt to unusual structures. Once you realize
that defined functions are evaluated and manipulated just as regular functions, they become much less
daunting.

Problem Set C:

>» Medium

1. Afunction * is defined for all even positive integers n as the number of even factors of n other than n
itself. What is the value of *(48) ?

(A)
(B)
(©)
(D)
(E)

2. If A*B is the greatest common factor of A and B, A$B is defined as the least common multiple of A
and B, and ANB is defined as equal to (A*B) $ (A$B), then what is the value of 12N15?

Oo~NOo OTWw

(A) 42

(B) 45

(C) 48

(D) 52

(E) 60
> Hard

3. For any positive integer n, rt(n) represents the number of factors of n, inclusive of 1 and itself. If a and
b are prime numbers, then rt(a) + si(b) —m(a x b) =

(A) 4
(B) -2
€ o0
(D) -2
(E) 4

4. The function A(m) is defined for all positive integers m as the product ofm + 4, m+ 5,and m + 6. If n
is a positive integer, then A(n) must be divisible by which one of the following numbers?

(A) 4
(B) 5
(C) 6
o) 7
(E) 11

5. Define x* by the equation x* = st/x. Then ((—m)*)* =

(A) -lU=n
(B) -1/2
C) -
(D) U=

(E) =



Defined Functions

Answers and Solutions to Problem Set C

>» Medium

1. 48=2-2-2-2-3. The even factors of 48 are

2

2-2(=4)
2-2-2(=8)
2-2-2-2(=16)
3-2(=6)
3-2-2(=12)
3-2-2-2(=24)
3-2-2-2-2(=48)

Not counting the last factor (48 itself), the total number of factors is 7. The answer is (D).

2. According to the definitions given, 12M15 equals (12*15) $ (12$15) = (GCF of 12 and 15) $ (LCM of
12 and 15) = 3$60 = LCM of 3 and 60 = 60. The answer is (E).

> Hard

3. The only factors of a prime number are 1 and itself. Hence, m(any prime number) = 2. So, n(a) = 2 and
w(b) = 2, and therefore m(a) + m(b) =2 + 2 =4.

Now, the factors of ab are 1, a, b, and ab itself. Hence, the total number of factors of a x b is 4. In other
words, mt(a x b) = 4.

Hence, m(a) + mt(b) — t(a x b) = 4 — 4 = 0. The answer is (C).

4. By the given definition, A(n) = (n + 4)(n + 5)(n + 6), a product of three consecutive integers. There is
exactly one multiple of 3 in every three consecutive positive integers. Also, at least one of the three
numbers must be an even number. Hence, A(n) must be a multiple of both 2 and 3. Hence, A(n) must be a
multiple of 6 (= 2 x 3), because 2 and 3 are primes. The answer is (C).

5. Working from the inner parentheses out, we get
((=m)*)* =
(@ (=m))* =
D*=
m/(-1) =
-7

The answer is (C).

Method II:
We can rewrite this problem using ordinary function notation. Replacing the odd symbol x* with £(x) gives

f(x) = m/x. Now, the expression ((—)*)* becomes the ordinary composite function
f(f(-)) =
f(r/ (=) =
f(-1) =
m/(-1) =

=TT
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We’ll discuss many of the concepts in this chapter in depth later. But for now, we need a brief review of
these concepts for many of the problems that follow.

1. To compare two fractions, cross-multiply. The larger product will be on the same side as the
larger fraction.

Example: Given gvs. g Cross-multiplying gives 5-7 vs. 6-6, or 35 vs. 36. Now 36 is larger
6 . 5
than 35, so — is larger than —.
7 6
2. Taking the square root of a fraction between 0 and 1 makes it larger.
Example: \/1 -1 and 1 is greater than i.
4 2 2 4
. - . 9 _3 3.9
Caution: This is not true for fractions greater than 1. For example, 2 = 7 But 3 < 7

3. Squaring a fraction between 0 and 1 makes it smaller.

2
Example: 1 = L and L is less than l
2 4 4 2

4. ax?=(ax)’. Infact, a’x?=(ax)’.
Example: 3-22=3-4=12. But (3' 2)2 =62 =36. This mistake is often seen in the following form:
-x%= (—x)z. To see more clearly why this is wrong, write ~ —x* = (=1)x?, which is negative. But
(—x)2 = (=x)(=x) = x*, which is positive.

Example: -5% = (-1)5 = (-1)25=-25. But (-5) = (-5)(-5)=5-5=25.

1 1
5. é#i. Infact,é:ibandaizg.
% b 3 a
1
Example: é:ll:l Butizl-gzé
3 2 2

6. —(at+b)z-a+b. Infact,—(a+b)=-a-h.
Example: —-(2+3)=-5. But-2+3=1.
Example: —(2 +x) =-2-x.

7. Memorize the following factoring formulas—they occur frequently on the SAT.
A -yt =(xry)(x-y)
B. x212xy+y2:(xiry)2
C. a(b+c)=ab+ac
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8. Know these rules for radicals:

A =y

B 1 = ﬂ
Yoy
9. Pythagorean Theorem (For right triangles only):
c
a CZ — a2 +b2
L]
b
Example: What is the area of the triangle to the right?
(A) 6 h 5
B) 75
(© 8
(D) 11 U
(E) 15 3

Since the triangle is a right triangle, the Pythagorean Theorem applies: h? +3% =52, where his the height
1
of the triangle. Solving for h yields h = 4. Hence, the area of the triangle is E(base)(height):

%(3)(4) =6. The answer is (A).

10. When parallel lines are cut by a transversal, three important angle relationships are formed:

Alternate interior Corresponding angles Interior angles on the same side of the
angles are equal. are equal. transversal are supplementary.
c
g b
a+b =180
a c a

11. In atriangle, an exterior angle is equal to the sum of its remote interior angles and therefore
greater than either of them.

e=za+b and e>a and e>b
e b

12. A central angle has by definition the same measure as its intercepted arc.

60°
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13. Aninscribed angle has one-half the measure of its intercepted arc.

14. There are 180° in a straight angle.

o : X+y=180°

15. The angle sum of a triangle is 180°.

b
a+b+c=180°
a c

Example: In the triangle to the right, what is the degree S

measure of angle ¢ ? 100

(A 17 -

(B) 20 ¢

(C) 30

(D) 40

(E) 45

Since a triangle has 180°, we get 100 + 50 + ¢ = 180. Solving for cyields ¢ = 30. Hence, the answer is (C).

16.

17.

To find the percentage increase, find the absolute increase and divide by the original amount.
Example: If a shirt selling for $18 is marked up to $20, then the absolute increase is 20 — 18 = 2.
increase 2

. . 1
Thus, the percentage increase is ———————— = — =— = 11%.
originalamount 18 9

Systems of simultaneous equations can most often be solved by merely adding or subtracting the
equations.

Example: If4x+y=14and 3x + 2y = 13, then X -y =
Solution: Merely subtract the second equation from the first:
4x+y=14
(<) 3x+2y=13
x-y=1
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18.

19.

20.

21.

When counting elements that are in overlapping sets, the total number will equal the number in
one group plus the number in the other group minus the number common to both groups.
Venn diagrams are very helpful with these problems.

Example: If in a certain school 20 students are taking math and 10 are taking history and 7 are
taking both, how many students are taking either math or history?

History Math

Solution:

Both History and Math

By the principle stated above, we add 10 and 20 and then subtract 7 from the result. Thus, there are
(10 + 20) — 7 = 23 students.

The number of integers between two integers inclusive is one more than their difference.

For example: The number of integers between 49 and 101 inclusive is (101 — 49) + 1 =53. To see
this more clearly, choose smaller numbers, say, 9 and 11. The difference between g and 11 is 2. But
there are three numbers between them inclusive—9, 10, and 11—one more than their difference.

Rounding Off: The convention used for rounding numbers is “if the following digit is less than five,
then the preceding digit is not changed. But if the following digit is greater than or equal to five, then
the preceding digit is increased by one.”

Example: 65,439 —> 65,000 (following digit is 4)
5.5671 —> 5.5700 (dropping the unnecessary zeros gives 5.57)

Writing a number as a product of a power of 10 and a number 1 =n < 10 is called scientific
notation. This notation has the following form: n x 10°, where 1 =n < 10 and c is an integer.

Example: 326,000,000 = 3.26 x 10°
Notice that the exponent is the number of significant places that the decimal is moved”, not the
number zeros. Students often use 6 as the exponent in the above example because there are 6 zeros.

Example: 0.00007 = 7 x10~°
Notice that for a small number the exponent is negative and for a large number the exponent is
positive.

* Although no decimal is shown in the number 326,000,000, you can place a decimal at the end of the
number and add as many trailing zeros as you like without changing the value of the number: 326,000,000 =
326,000,000.00. ...
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This broad category is a popular source for SAT questions. At first, students often struggle with these
problems since they have forgotten many of the basic properties of arithmetic. So, before we begin solving
these problems, let’s review some of these basic properties.

» “The remainder is r when p is divided by k” means p = kq + r; the integer q is called the quotient.
For instance, “The remainder is 1 when 7 is divided by 3” means 7 = 3 - 2 + 1. Dividing both sides
of p=kq + r by k gives the following alternative form p/k = q + r/k.

Example 1:  The remainder is 57 when a number is divided by 10,000. What is the remainder when the
same number is divided by 1,000?

(A) 5
B) 7
(C) 43
(D) 57
(E) 570

Since the remainder is 57 when the number is divided by 10,000, the number can be expressed as
10,000n + 57, where n is an integer. Rewriting 10,000 as 1,000(10) yields

1,000(10)n + 57 =

1,000(10n) + 57 =
Now, since n is an integer, 10n is an integer. Letting 10n = g, we get

1,000q + 57 =
He(rlg:)e, the remainder is still 57 (by the p = kg + r form) when the number is divided by 1,000. The answer
is (D).

Method Il (Alternative form)
Since the remainder is 57 when the number is divided by 10,000, the number can be expressed as
10,000n + 57. Dividing this number by 1,000 yields

10,000n +57 _
1000

10,000n N 57 _
1,000 1,000

57
1,000

Hence, the remainder is 57 (by the alternative form p/k = g + r/k), and the answer is (D).

10n +

» A number n is even if the remainder is zero when n is divided by 2: n=2z + 0, or n = 2z.

» A number nis odd if the remainder is one when n is divided by 2: n =2z + 1.
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» The following properties for odd and even numbers are very useful—you should memorize them:

even x even = even
odd x odd = odd
even x odd = even

even + even = even
odd + odd = even
even + odd = odd

Example 2:  If n is a positive integer and (n + 1)(n + 3) is odd, then (n + 2)(n + 4) must be a multiple of
which one of the following?

(A) 3 B)5 (C)6 (D) 8 (E) 16
(n + 1)(n + 3) is odd only when both (n + 1) and (n + 3) are odd. This is possible only when n is even.
Hence, n = 2m, where m is a positive integer. Then,

(n+2)(n+4)=

2m+2)2m+4) =

2(m+1)2(m+2) =

4m+1)(m+2) =

4 x (product of two consecutive positive integers, one which must be even) =
4 x (an even number), and this equals a number that is at least a multiple of 8

Hence, the answer is (D).

» Consecutive integers are writtenas x, x + 1, x + 2, . ..

> Consecutive even or odd integers are writtenas x, X + 2, x + 4, . ..

» The integer zero is neither positive nor negative, but it is even: 0 =2 x 0.
>

A prime number is an integer that is divisible only by itself and 1.
The prime numbers are 2, 3,5, 7, 11, 13, 17, 19, 23, 29, 31, 37,41, . ..

» A number is divisible by 3 if the sum of its digits is divisible by 3.
For example, 135 is divisible by 3 because the sum of its digits (1 + 3 + 5 = 9) is divisible by 3.

» A common multiple is a multiple of two or more integers.
For example, some common multiples of 2 and 5 are 0, 10, 20, 40, and 50.

» The least common multiple (LCM) of two integers is the smallest positive integer that is a multiple
of both.

For example, the LCM of 4 and 10 is 20. The standard method of calculating the LCM is to prime
factor the numbers and then form a product by selecting each factor the greatest number of times it
occurs. For 4 and 10, we get

4 =22

10=2+5
In this case, select 22 instead of 2 because it has the greater number of factors of 2, and select 5 by
default since there are no other factors of 5. Hence, the LCM is 225 =4 «5 =20,
For another example, let’s find the LCM of 8, 36, and 54. Prime factoring yields

8=2%

36=2%¢3

54=2e3
In this case, select 2° because it has more factors of 2 than 22 or 2 itself, and select 3% because is has
more factors of 3 than 32 does. Hence, the LCM is 2% « 3® = 8 » 27 = 216.
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A shortcut for finding the LCM is to just keep adding the largest number to itself until the other
numbers divide into it evenly. For 4 and 10, we would add 10 to itself: 10 + 10 = 20. Since 4 divides
evenly in to 20, the LCM is 20. For 8, 36, and 54, we would add 54 to itself: 54 + 54 + 54 + 54 = 216.
Since both 8 and 36 divide evenly into 216, the LCM is 216.

> The absolute value of a number, | |, is always positive. In other words, the absolute value symbol
eliminates negative signs.
For example, |-7|=7 and |-/ =m. Caution, the absolute value symbol acts only on what is inside the

symbol, | |. For example, —|— (7- n)| =—(7-m). Here, only the negative sign inside the absolute value
symbol but outside the parentheses is eliminated.

Example 3:  The number of prime numbers divisible by 2 plus the number of prime numbers divisible by
3is
wno ®1 ©2 ®3 (B4

A prime number is divisible by no other numbers, but itself and 1. Hence, the only prime number divisible
by 2 is 2 itself; and the only prime number divisible by 3 is 3 itself. Hence, The number of prime numbers
divisible by 2 is one, and the number of prime numbers divisible by 3 is one. The sum of the twois1 +1 =
2, and the answer is (C).

Example 4:  1f 15x+ 16 = 0, then 13x| equals which one of the following?
(A) 15 (B) -16x (C) 15x (D) 16  (E) 16x
Solving the given equation 15x + 16 = 0 yields x = -16/15.

Substituting this into the expression 15|x| yields
15| = 15 2|~ 15 2| - 16
15 15

The answer is (D).
» The product (quotient) of positive numbers is positive.
» The product (quotient) of a positive number and a negative number is negative.

For example, -5(3) =-15 and % =-2.

» The product (quotient) of an even number of negative numbers is positive.
For example, (-5)(-3)(-2)(-1) = 30 is positive because there is an even number, 4, of positives.

—2 = g is positive because there is an even number, 2, of positives.

> The product (quotient) of an odd number of negative numbers is negative.

For example, (—2)(—Jr)(—\/§) = -27+/3 is negative because there is an odd number, 3, of negatives.

(-2)9)(-6) _
(13

» The sum of negative numbers is negative.

For example, -3 — 5 = —8. Some students have trouble recognizing this structure as a sum because there
is no plus symbol, +. But recall that subtraction is defined as negative addition. So -3 — 5 = -3 + (-5).

-1 is negative because there is an odd number, 5, of negatives.

> A number raised to an even exponent is greater than or equal to zero.

For example, (-7)' = 20,and x> =20,and 0°=0-0=0=0.
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Problem Set D:

> Easy
1. Ifxisdivisible by both 3 and 4, then the number x must be a multiple of which one of the following?
(A) 8
B) 12
(C) 15
(D) 18
() 21

The last digit of the positive even number n equals the last digit of n2. Which one of the following
could be n?

A) 12
(B) 14
(C) 15
(D) 16
(E) 17

Which one of the following is divisible by both 2 and 3?

(A) 1005
(B) 1296
(C) 1351
(D) 1406
(E) 1414

How many numbers between 100 and 300, inclusive, are multiples of both 5 and 6?

A 7

(B) 12
(C) 15
(D) 20
(E) 30

Which one of the following equals the product of exactly two prime numbers?

(A) 11-6

(B) 13-22
(C) 14-23
(D) 17-21
() 13-23

Which one of the following equals the product of the smallest prime number greater than 21 and the
largest prime number less than 16?

(A) 13-16
(B) 13-29
(C) 13-23
(D) 15-23
(E) 16-21

If m and n are two different prime numbers, then the least common multiple of the two numbers must
equal which one of the following?

(A) mn
(B) m+n
C) m-n

(D) m+mn
(E) mn+n
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10.

Which one of the following is the first number greater than 200 that is a multiple of both 6 and 8?

(A) 200
(B) 208
(C) 212
(D) 216
(E) 224

What is the maximum possible difference between two three-digit numbers each of which is made up
of all the digits 1, 2, and 3?

(A) 156
(B) 168
(C) 176
(D) 196
(E) 198

The digits of a two-digit number differ by 4 and their squares differ by 40. Which one of the following
could be the number?

(A) 15
(B) 26
(C) 40
(D) 59
(E) 73

> Medium

11.

12.

13.

14.

The number 3 divides a with a result of b and a remainder of 2. The number 3 divides b with a result
of 2 and a remainder of 1. What is the value of a ?

(A) 13
(B) 17
(C) 21
(D) 23
(E) 27

The remainder when the positive integer m is divided by 7 is x. The remainder when m is divided by
14 is x + 7. Which one of the following could m equal?

(A) 45
(B) 53
C) 72
(D) 85
(E) 100

Which one of the following choices does not equal any of the other choices?

(A) 5.43+4.63-324-2.32
(B) 5.53+4.73-3.34-2.42
(C) 5.53+4.53-3.34-2.22
(D) 5.43+4.73-3.24-2.42
(E) 5.43+473-314-222

Each of the two positive integers a and b ends with the digit 2. With which one of the following
numbers does a — b end?

(A)
(B)
(C)
(D)
(E)

A wWNEF O
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15.

16.

17.

18.

19.

20.

21.

If p and g are two positive integers and p/q = 1.15, then p can equal which one of the following?

(A) 15
(B) 18
(C) 20
(D) 22
(E) 23

If each of the three nonzero numbers a, b, and c is divisible by 3, then abc must be divisible by which
one of the following the numbers?

(A) 8
(B) 27
(C) 81
(D) 121
(E) 159

How many positive five-digit numbers can be formed with the digits 0, 3, and 5?

(A) 14
(B) 15
(C) 108
(D) 162
(E) 243

If n is a positive integer, which one of the following numbers must have a remainder of 3 when
divided by any of the numbers 4, 5, and 67

(A) 12n+3
(B) 24n+3
(C) 80n+3
(D) 90N +2
(E) 120n+3

X is a two-digit number. The digits of the number differ by 6, and the squares of the digits differ by 60.
Which one of the following could x equal?

(A 17
(B) 28
(C) 39
D) 71
(E) 93

The number 3072 is divisible by both 6 and 8. Which one of the following is the first integer larger
than 3072 that is also divisible by both 6 and 8?

(A) 3078
(B) 3084
(C) 3086
(D) 3090
(E) 3096

If the least common multiple of m and n is 24, then what is the first integer larger than 3070 that is
divisible by both m and n?

(A) 3072
(B) 3078
(C) 3084
(D) 3088
(E) 3094
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22. a, b, andc are consecutive integers in increasing order of size. If p = a/5 - b/6 and q = b/5 — ¢/6, then
q-p=
(A) 1/60
(B) 1/30
(© 1712
(D) 1/6
(E) 1/5
23. A palindrome number is a number that reads the same forward or backward. For example, 787 is a
palindrome number. By how much is the first palindrome larger than 233 greater than 233?
(A) 9
(B) 11
(©) 13
(D) 14
(E) 16
24. How many 3-digit numbers do not have an even digit or a zero?
(A) 20
(B) 30
(C) 60
(D) 80
(E) 125
> Hard
25.  Which one of the following is the minimum value of the sum of two integers whose product is 36?
(A) 37
(B) 20
(C) 15
(D) 13
(E) 12
26. If mandn are two positive integers such that 5m + 7n = 46, then what is the value of mn ?
(A) 15
B) 21
(C) 24
(D) 27
(E) 35
27. Ifaandb are positive integers,and x=2-3-7- a,andy=2-2 - 8 - b, and the values of both x andy
lie between 120 and 130 (not including the two), thena—b =
(A) -2
B -1
© 0
(O) 1
(E) 2
28. Which one of the following equals the number of multiples of 3 between 102 and 210, inclusive?
(A) 32
(B) 33
(C) 36
(D) 37
(E) 38
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29.

30.

31.

32.

33.

34.

The sum of the positive integers from 1 through n can be calculated by the formula n(n + 1)/2. Which
one of the following equals the sum of all the even numbers from 0 through 20, inclusive?

(A) 50
(B) 70
(C) 90
(D) 110
(E) 140

a, b, c, d, and e are five consecutive numbers in increasing order of size. Deleting one of the five
numbers from the set decreased the sum of the remaining numbers in the set by 20%. Which one of
the following numbers was deleted?

(A) a
(B) b
€) ¢
(D) d
(E) e

A set has exactly five consecutive positive integers starting with 1. What is the percentage decrease in
the average of the numbers when the greatest one of the numbers is removed from the set?

(A) 5

(B) 85
C) 125
(D) 152
(E) 16.66

What is the maximum value of m such that 7™ divides into 14! evenly?

A 1

B) 2

c 3
(D) 4

(E) 5

If p— 10 is divisible by 6, then which one of the following must also be divisible by 6?
(A) p

(B) p-4
(C) pt4
(D) p-6
(E) pt6

Which one of the following equals the maximum difference between the squares of two single-digit
numbers that differ by 4?

(A) 13
(B) 25
(C) 45
(D) 56

(E) 63
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» Very Hard

35.

36.

37.

38.

39.

40.

2ab5 is a four-digit number divisible by 25. If the number formed from the two digits ab is a multiple
of 13, then ab =

(A) 10
(B) 25
(C) 52
(D) 65
(E) 75

The positive integers m andn leave remainders of 2 and 3, respectively, when divided by 6. m > n.
What is the remainder when m —n is divided by 6?

(A)
(B)
(©)
(D)
(E)

The remainder when m +n is divided by 12 is 8, and the remainder when m —n is divided by 12 is 6.
If m > n, then what is the remainder when mn divided by 6?

(A)
(B)
(©)
(D)
(E)

What is the remainder when 72 - 82 is divided by 6?

(A)
(B)
(©)
(D)
(E)

a, b, ¢, d, and e are five consecutive integers in increasing order of size. Which one of the following
expressions is not odd?

OabrwWwN - OabhwbN -

O WM

(A) at+b+c
(B) ab+c
(C) ab+d
(D) ac+d
(E) ac+e

How many positive integers less than 500 can be formed using the numbers 1, 2, 3 and 5 for the
digits?

(A) 48
(B) 52
(C) 66
(D) 68

(E) 84
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Answers and Solutions to Problem Set D

» Easy

1. We are given that x is divisible by 3 and 4. Hence, x must be a common multiple of 3 and 4. The least
common multiple of 3 and 4 is 12. So, x is a multiple of 12. The answer is (B).

2. Numbers ending with 0, 1, 5, or 6 will have their squares also ending with the same digit.
For example,
10 ends with 0, and 10?
11 ends with 1, and 117

15 ends with 5, and 152
16 ends with 6, and 162

=100) also ends with 0.
=121) also ends with 1.
= 225) also ends with 5.
= 256) also ends with 6.

AN AN AN AN

Among the four numbers 0, 1, 5, or 6, even numbers only end with 0 or 6. Choice (D) has one such
number. The answer is (D).

3. A number divisible by 2 ends with one of the digits 0, 2, 4, 6, or 8.

If a number is divisible by 3, then the sum of its digits is also divisible by 3.
Hence, a number divisible by both 2 and 3 will follow both of the above rules.
Choices (A) and (C) do not end with an even digit. Hence, eliminate them.

The sum of digits of Choice (B) is1 + 2 + 9 + 6 = 18, which is divisible by 3. Also, the last digit is 6.
Hence, choice (B) is correct.

Next, the sum of the digits of choices (D) and (E) are 1 +4 +0+ 6 (=11)and 1+ 4 + 1 + 4 (= 10),
respectively, and neither is divisible by 3. Hence, reject the two choices.

Hence, the answer is (B).

4. The least common multiple of the numbers 5 and 6 is the product of the two (since 5 and 6 have no
common factors), which is 5 x 6 = 30. Hence, if a number is a multiple of both 5 and 6, the number must be
a multiple of 30. For example, the numbers 30, 60, 90, ... are divisible by both 5 and 6. The multiples of 30
between 100 and 300, inclusive, are 120, 150, 180, 210, 240, 270, and 300. The count of the numbers is 7.
The answer is (A).
5. Choice (A): 11 - 6 can be factored as 11 - 2 - 3. The product of more than two primes. Reject.

Choice (B): 13 - 22 can be factored as 13 - 2 - 11. The product of more than two primes. Reject.

Choice (C): 14 - 23 can be factored as 7 - 2 - 23. The product of more than two primes. Reject.

Choice (D): 17 - 21 can be factored as 17 - 3 - 7. The product of more than two primes. Reject.

Choice (E): 13 - 23 cannot be further factored and is itself the product of two primes. Accept.
The answer is (E).

6. The smallest prime number greater than 21 is 23, and the largest prime number less than 16 is 13. The
product of the two is 13 - 23, which is listed in choice (C). The answer is (C).

7. Prime numbers do not have common factors. Hence, the least common multiple of a set of such numbers
equals the product of the numbers. For example, the LCM of 11 and 23 is 11 « 23. The answer is (A).
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8. A multiple of 6 and 8 must be a multiple of the least common multiple of the two, which is 24. Now,
200/24 = 192/24 + 8/24 = 8 + 8/24. So, the first multiple of 24 that is smaller than 200 is 192 (= 8 x 24),
and the first multiple of 24 that is greater than 200 is 216 (= 24 x [8 + 1] = 24 x 9). The answer is (D).

9. The difference between two numbers is maximum when one of the numbers takes the largest possible
value and the other one takes the smallest possible value.

The maximum possible three-digit number that can be formed using all three digits 1, 2, and 3 is 321 (Here,
we assigned the higher numbers to the higher significant digits).

The minimum possible three-digit number that can be formed from all three digits 1, 2, and 3 is 123 (Here,
we assigned the lower numbers to the higher significant digits).

The difference between the two numbers is 321 — 123 = 198. The answer is (E).

10. Since the digits differ by 4, let a anda + 4 be the digits. The difference of their squares, which is
(a + 4)* — a2, equals 40 (given). Hence, we have

(a+4)7-a’=40
a’+8a+16-a%=40
8a + 16 =40

8a=24

a=3

The other digitisa+ 4 =3+ 4 =7. Hence, 37 and 73 are the two possible answers. The answer is (E).

>» Medium

11. Since 3 divides b with a result of 2 and a remainder of 1, b =2 -3 + 1 = 7. Since number 3 divides a
with a result of b (which we now know equals 7) and a remainder of 2, a=b-3+2=7-3+2=23. The
answer is (D).

12. Choice (A): 45/7 = 6 + 3/7, so x = 3. Now, 45/14 = 3 + 3/14. The remainder is 3, notx + 7 (= 10).
Reject.

Choice (B): 53/7 =7 + 4/7, so x = 4. Now, 53/14 = 3 + 11/14. The remainder is 11, and equalsx + 7 (= 11).
Accept the choice.

Choice (C): 72/7 =10 + 2/7, so x = 2. Now, 72/14 =5 + 2/14. The remainder is 2, notx + 7 (= 9). Reject.
Choice (D): 85/7 =12 + 1/7, so x = 1. Now, 85/14 = 6 + 1/14. The remainder is 1, not x + 7 (= 8). Reject.
Choice (E): 100/7 = 14 + 2/7, so x = 2. Now, 100/14 = 7 + 2/14. The remainder is 2, not x+ 7 (= 9). Reject.

The answer is (B).
13. Choice (A) =5.43 + 4.63 -3.24 - 2.32 =45,
Choice (B) =5.53 + 4.73 - 3.34 — 2.42 = 4.5 = Choice (A). Reject choices (A) and (B).
Choice (C) =5.563 + 4.53 — 3.34 — 2.22 = 4.5 = Choice (A). Reject choice (C).
Choice (D) =5.43 + 4.73 — 3.24 — 2.42 = 4.5 = Choice (A). Reject choice (D).
Choice (E) =5.43 +4.73 -3.14 - 2.22 = 4.8. Correct.

The answer is (E).

14. Since each of the two integers a and b ends with the same digit, the difference of the two numbers ends
with 0. For example 642 — 182 = 460, and 460 ends with 0. Hence, the answer is (A).
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15. We have that p/q = 1.15. Solving for p yields p = 1.15q = q + 0.15q = (a positive integer) + 0.15q.
Now, p is a positive integer only when 0.15q is an integer. Now, 0.15q equals 15/100 - q = 3g/20 and would
result in an integer only when the denominator of the fraction (i.e., 20) is canceled out by g. This happens
only when q is a multiple of 20. Hence, g = 20, or 40, or 60, .... Pick the minimum value for g, which is 20.
Now, 1.15q=q + 0.15q = q + 3/20 - q = 20 + 3/20 - 20 = 23. For other values of q (40, 60,80, ...),p isa
multiple of 23. Only choice (E) is a multiple of 23. The answer is (E).

16. Since each one of the three numbers a, b, and c is divisible by 3, the numbers can be represented as 3p,
3q, and 3r, respectively, where p, ¢, and r are integers. The product of the three numbers is 3p - 3q - 3r =
27(pgr). Since p, g, and r are integers, pgr is an integer and therefore abc is divisible by 27. The answer is

(B).
17. Let the digits of the five-digit positive number be represented by 5 compartments:

Each of the last four compartments can be filled in 3 ways (with any one of the numbers 0, 3 and 5).

The first compartment can be filled in only 2 ways (with only 3 and 5, not with 0, because placing 0 in the
first compartment would yield a number with fewer than 5 digits).

3]0 0] 0] O
513 3| 3] 3
5/ 5] 5|5

Hence, the total number of ways the five compartments can be filled inis2-3 - 3-3 -3 = 162. The answer
is (D).

18. Let m be a number that has a remainder of 3 when divided by any of the numbers 4, 5, and 6. Then
m — 3 must be exactly divisible by all three numbers. Hence, m — 3 must be a multiple of the Least
Common Multiple of the numbers 4, 5, and 6. The LCM is 3 - 4 - 5 = 60. Hence, we can suppose m — 3 =
60p, where p is a positive integer. Replacing p with n, we get m — 3 = 60n. So, m = 60n + 3. Choice (E) is
in the same format 120n + 3 = 60(2n) + 3. Hence, the answer is (E).

We can also subtract 3 from each answer-choice, and the correct answer will be divisible by 60:

Choice (A): If n=1, then (12n + 3) — 3 = 12n = 12, not divisible by 60. Reject.
Choice (B): If n =1, then (24n + 3) — 3 = 24n = 24, not divisible by 60. Reject.
Choice (C): If n =1, then (80n + 3) — 3 = 80n = 80, not divisible by 60. Reject.
Choice (D): If n=1, then (90n + 2) — 3 =90n — 1 = 89, not divisible by 60. Reject.
Choice (E): (120n + 3) — 3 =120n, divisible by 60 for any integer n. Hence, correct.

19. Since the digits differ by 6, let a and a + 6 be the digits. The difference of their squares, which is (a +
6)? — a2, equals 60 (given). Hence, we have

(a+6)*-a’=60

a’+12a+36-a’=60

12a+ 36 =60

12a=24

a=2

The other digitisa + 6 =2 + 6 = 8. Hence, 28 and 82 are the two possible answers. The answer is (B).
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20. Any number divisible by both 6 and 8 must be a multiple of the least common multiple of the two
numbers, which is 24. Hence, any such number can be represented as 24 n. If 3072 is one such number and
is represented as 24n, then the next such number should be 24(n + 1) = 24n + 24 = 3072 + 24 = 3096. The
answer is (E).

21. Any number divisible by both m and n must be a multiple of the least common multiple of the two
numbers, which is given to be 24. The first multiple of 24 greater than 3070 is 3072. Hence, the answer is
(A).

22. The consecutive integers a, b, and c in the increasing order can be expressed as a,a + 1, a + 2,
respectively.

:3_9:3_a+1:6a—5a—5:a—5
PP576 5 © 30 30
q:E—E:—a+l—a+2
5 6 5 6
_ba+6-5a-10
30
-a-4
30
= % by adding and subtracting 1 from the numerator
_a-5+1
30
a-5 1
= 4+
30 30
:p+i
30
q-p= % by subtracting p from both sides

The answer is (E).

23. A palindrome number reads the same forward or backward. The first palindrome larger than 233 will
have the last digit 2 (same as the first digit), and the middle digit will be 1 unit greater than the middle digit
of 233. Hence, the first palindrome larger than 233 is 242. Now, 242 — 233 = 9. The answer is (A).

24. There are 5 digits that are not even or zero: 1, 3, 5, 7, and 9. Now, let’s count all the three-digit
numbers that can be formed from these five digits. The first digit of the number can be filled in 5 ways with
any one of the mentioned digits. Similarly, the second and third digits of the number can be filled in 5
ways. Hence, the total number of ways of forming the three-digit number is 125 (= 5 x 5 x 5). The answer
is (E).
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> Hard

25. List all possible factors x and y whose product is 36, and calculate the corresponding sumx +y:

X y Xy X+y
1 36 36 37
2 18 36 20
3 12 36 15
4 9 36 13
6 6 36 12

From the table, the minimum sum is 12. The answer is (E).
26. Usually, an equation such as 5m + 7n = 46 alone will not have a unique solution. But if we attach a
constraint into the system such as an inequality or some other information (Here, m and n are constrained to
take positive integers values only), we might have a unique solution.
Since m is a positive integer, 5m is a positive integer; and since n is a positive integer, 7n is a positive
integer. Letp =5m and g = 7n. So, p is multiple of 5 and q is multiple of 7 and p + q = 46. Subtracting g
from both sides yields p = 46 — g [(a positive multiple of 5) equals 46 — (a positive multiple of 7)]. Let’s
seek such solution for p and q:

Ifqg=7,p=46-7 =239, not a multiple of 5. Reject.

If g =14, p =46 — 14 = 32, not a multiple of 5. Reject.

If =21, p =46 - 21 = 25, a multiple of 5. Acceptable. So,n=qg/7=3and m=p/5=5.
The checks below are not required since we already have an acceptable solution.

If g =28, p =46 -28 =18, not a multiple of 5. Reject.

If g =235, p=46 — 35 =11, not a multiple of 5. Reject.

If =42, p =46 — 42 = 4, not a multiple of 5. Reject.

If g =49, p <46 — 49 = -3, not positive either. Reject.

So, we have only one acceptable assumption and that is n = 3 and therefore m = 5. Hence, mn =3 - 5 = 15.
The answer is (A).

27. Wearegiventhatx=2-3-7-a=42aandy=2-2-8-b=32b.
We are given that the values of both x and y lie between 120 and 130 (not including the two).

The only multiple of 42 in this range is 42 x 3 = 126. Hence, x = 126 and a = 3. The only multiple of 32 in
this range is 32 x4 = 128. Hence, y = 128 and b = 4. Hence, a— b =3 — 4 = -1. The answer is (B).

28. The numbers 102 and 210 are themselves multiples of 3. Also, a multiple of 3 exists once in every
three consecutive integers. Counting the multiples of 3 starting with 1 for 102, 2 [= 1 + (105 — 102)/3 =
1+1=2]for105,3[=1+ (108 —102)/3 =1 + 2 = 3] for 108, and so on, the count we get for 210 equals
1+ (210 -102)/3 = 1 + 36 = 37. Hence, the answer is (D).
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29. The even numbers between 0 and 20, inclusive, are 0, 2, 4, 6, ..., 20. Their sum is

0+2+4+6+...+20=
2%X1+2%2+2%x3+...+2%x10=
2X(1+2+3+...+10)=
)y 10(10+1) n(n+1)

2

=10x11=110 by the formula (sum of n terms) =

The answer is (D).

30. Since a, b, ¢, d, and e are consecutive numbers in the increasing order, we haveb =a + 1,c=a + 2,
d=a+3and e =a+ 4. The sum of the five numbersisa+(@+1)+@+2)+(@+3)+@+4)=5a+10.

Now, we are given that the sum decreased by 20% when one number was deleted. Hence, the new sum
should be (5a + 10)(1 —20/100) = (5a + 10)(1 — 1/5) = (5a + 10)(4/5) = 4a + 8. Now, since New Sum = Old
Sum — Dropped Number, we have (5a + 10) = (4a + 8) + Dropped Number. Hence, the number dropped is
(5a+ 10) — (4a+ 8) =a + 2. Since ¢ = a + 2, the answer is (C).

31. The average of the five consecutive positive integers 1,2, 3,4, and Sis (1 +2+3 +4 +5)/5=15/5=
3. After dropping 5 (the greatest number), the new average becomes (1 + 2 + 3 + 4)/4 = 10/4 = 2.5. The
percentage drop in the average is

Old average — New average
Old average

-100=

3-25 002
3
100 _
6
16.66%

The answer is (E).

32. The term 14! equals the product of the numbers 1, 2, 3,4,5,6,7, 8,9, 10, 11, 12, 13, and 14. Only two
of these numbers are divisible by 7. The numbers are 7 and 14. Hence, 14! can be expressed as the product
of k - 7 - 14, where k is not divisible by 7. Now, since there are two 7s in 14!, the numbers 7 and 77 divide
14! evenly. 7 and further powers of 7 leave a remainder when divided into 14!. Hence, the maximum value
of mis 2. The answer is (B).

33. Since p — 10 is divisible by 6, let’s represent it as 6n, where n is an integer. Then we have
p — 10 = 6n. Adding 10 to both sides of the equation yields p = 6n + 10. Let’s plug this result into each
answer-choice to find out which one is a multiple of 6 and therefore divisible by 6.

Choice (A): p=6n+10=6n+6+4 =6(n + 1) + 4. Hence, p is not a multiple of 6. Reject.

Choice (B): p—4 =(6n + 10) —4 =6n + 6 = 6(n + 1). Hence, p is a multiple of 6 and therefore
divisible by 6. Correct.

Choice (C): p+4=(6n+10)+4=6n+14=6n+ 12 +2 = 6(n + 2) + 2. Hence, p is not a multiple
of 6. Reject.

Choice (D): p—6 =(6n + 10) — 6 = 6n + 4. Hence, p is not a multiple of 6. Reject.

Choice (E): p+6=(6n+10)+6=6n+ 16 =6n+ 12 + 4 =6(n + 2) + 4. Hence, p is not a multiple of
6. Reject.

The answer is (B).
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34. Suppose a and b are the single-digit numbers. Then by the Difference of Squares formula a* - b? =
(a—Db)(a + b) =4(a + b) [Given that difference between the digits is 4]. This is maximum when (a + b) is
maximum.

If a and b are single digit numbers, then a + b would be a maximum when aisequalto9and b=9-4=5
(given the numbers differ by 4). Hence, the maximum value of a? — b? is 9% — 52 = 56. The answer is (D).

» Very Hard

35. We have that the number 2ab5 is divisible by 25. Any number divisible by 25 ends with the last two
digits 00, 25, 50, or 75. So, b5 should equal 25 or 75. Hence, b = 2 or 7. Since a is now free to take any
digit from 0 through 9, ab can have multiple values.

We also have that ab is divisible by 13. The multiples of 13 are 13, 26, 39, 52, 65, 78, and 91. Among
these, the only number ending with 2 or 7 is 52. Hence, ab = 52. The answer is (C).

36. We are given that the numbers m and n, when divided by 6, leave remainders of 2 and 3, respectively.
Hence, we can represent the numbers m and n as 6p + 2 and 6q + 3, respectively, where p and q are suitable
integers.

Now,m-n=(6p+2)—(6g+3)=6p—-6g-1=6(p—q)-1. A remainder must be positive, so let’s add 6
to this expression and compensate by subtracting 6:

6(p-a)-1=

6(p-q)-6+6-1=

6(p-0a)-6+5=

6(p-g-1)+5
Thus, the remainder is 5, and the answer is (E).
37. Since the remainder when m + n is divided by 12 is 8, m + n = 12p + 8; and since the remainder when
m —n is divided by 12 is 6,m — n = 12q + 6. Here, p and g are integers. Adding the two equations yields 2m
= 12p + 12q + 14. Solving for m yieldsm=6p + 6q + 7 =6(p + g + 1) + 1 = 6r + 1, where r is a positive
integer equaling p + g + 1. Now, let’s subtract the equationsm + n =12p + 8 and m —n = 12q + 6. This
yields 2n = (12p + 8) — (129 + 6) = 12(p —q) + 2. Solving for n yieldsn=6(p—-q) + 1 =6t + 1, where t is
an integer equaling p —q.
Hence, we have

mn = (6r + 1)(6t + 1)

=36rt+6r+6t+1

=66rt+r+t)+1 by factoring out 6
Hence, the remainder is 1, and the answer is (A).

38. 7%- 82=(7-8)2 =562

The number immediately before 56 that is divisible by 6 is 54. Now, writing 56 as (54 + 2)?, we have
562 = (54 + 2)?

=542 + 2(2)(54) + 2? by the formula (a + b)> = a? + 2ab + b’
=54[54 + 2(2)] + 22
=6x9[54+2(2)]+4 here, the remainder is 4

Since the remainder is 4, the answer is (D).
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39. Choice (A): a + b + c: Suppose a is an even number. Then b, the integer following a, must be odd, and
¢, the integer following b, must be even. Hence, a + b + ¢ = sum of two even numbers (a and c) and an odd
number (b). Since the sum of any number of even numbers with an odd number is odd (For example, if
a=4,thenb=5c=6,anda+b+ cequals4+5+6 =15 (odd)), a+b +cis odd. Reject.

Choice (B): ab + c: At least one of every two consecutive positive integers a and b must be even. Hence,
the product ab is an even number. Now, if ¢ is odd (which happens when a is odd), ab + ¢ must be odd. For
example, ifa=3,b =4, and ¢ =5, then ab + c must equal 12 + 5 =17, an odd number. Reject.

Choice (C): ab + d: We know that ab being the product of two consecutive numbers must be even. Hence,
if d happens to be an odd number (it happens when b is odd), then the sum ab + d is also odd. For example,
ifa=4,thenb=5c=6,andd=7,thenab+d=3-5+7 =15+ 7 =23, an odd number. Reject.
Choice (D): ac + d: Suppose a is odd. Then ¢ must also be odd, being a number 2 more than a. Hence, ac is
the product of two odd numbers and must therefore be odd. Now, d is the integer following ¢ and must be
even. Hence, ac +d = odd + even = odd. For example, ifa=3,thenb=3+1=4,c=4+1=5 (odd) and
d=5+1=6(even)andac+d=3-5+6 =21, an odd humber. Reject.
Choice (E): ac + e: Suppose a is an odd number. Then both c and e must also be odd. Now, ac is product of
two odd numbers and therefore must be odd. Summing this with another odd number e yields an even
number. For example, if a = 1, then ¢ must equal 3, and e must equal 5 andac + e must equal 1 - 3 + 5 =8,
an even number. Now, suppose a is an even number. Then both ¢ and e must also be even. Hence,

ac+e=

(product of two even numbers) + (an even number) =

(even number) + (even number) =

an even number

For example, if a = 2, then ¢ must equal 4, and e must equal 6 and the expression ac + e equals 14, an even
number. Hence, in any case, ac + e is even. Correct.

The answer is (E).
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40. A number less than 500 will be 1) a single-digit number, or 2) a double-digit number, or a 3) triple-

digit number with left-most digit less than 5.

Let the compartments shown below represent the single, double and three digit numbers.

1 1 1 1 1 1
or or or or or or
2 2 2 2 2 2
or or or or or or
3 3 3 3 3 3
or or or or or or
5 5 5 5 not 5 5
————————————————————— allowed || ------- || -------
(Total 4 (Total 4 [[(Total 4| + [ ------- (Total 4{[(Total 4
ways) ways) || ways) (Total 3 || ways) || ways)
ways)
Compartment Compartments Compartments for triple-digit

for single-digit

number

for double-digit

number.

number.

=4+ (4x4)+(3x4x4)=
4+16 +48 =68

The compartment for the single-digit number can be filled in 4 ways (with any one of the numbers 1, 2, 3,

and 5).

Each of the two compartments for the double-digit number can be filled in 4 ways (with any one of the 4
numbers 1, 2, 3, and 5) each. Hence, the two-digit number can be made in 4 x 4 = 16 ways.

Regarding the three-digit number, the left most compartment can be filled in 3 ways (with any one of the
numbers 1, 2, and 3). Each of the remaining two compartments can be filled in 4 ways (with any one of the
numbers 1, 2, 3, and 5) each. Hence, total number of ways of forming the three-digit number equals 3 x 4 x

4=48.

Hence, the total number of ways of forming the number is 4 + 16 + 48 = 68. The answer is (D).
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About one-fourth of the math problems on the SAT involve geometry. (There are no proofs.) Fortunately,
the figures on the SAT are usually drawn to scale. Hence, you can check your work and in some cases
even solve a problem by “eyeballing” the drawing. We’ll discuss this technique in detail later.

Following is a discussion of the basic properties of geometry. You probably know many of these
properties. Memorize any that you do not know.

Lines & Angles

When two straight lines meet at a point, they form an angle. The point is A
called the vertex of the angle, and the lines are called the sides of the angle.

The angle to the right can be identified in three ways:

1. zx X

2. /B B

3. LABC or LCBA c

When two straight lines meet at a point, they form four
angles. The angles opposite each other are called vertical
angles, and they are congruent (equal). In the figure to the

right,a=b, and c = d. a=bandc=d

Angles are measured in degrees, °. By definition, a circle has 360°. So an angle can be measured by its

fractional part of a circle. For example, an angle that is 3_6130 of the arc of a circle is 1°. And an angle that

is i of the arc of a circle is %x 360 =90°.

AR
[

1/360 of an arc 1/4 of an arc 2/3 of an arc
of acircle of acircle of acircle

There are four major types of angle measures:

An acute angle has measure less than 90°: E

A right angle has measure 90°:
90°
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An obtuse angle has measure greater than 90°: /

A straight angle has measure 180°: V. X +y =180

Example: In the figure, AOB is a straight line. What is
the average of the four numbers a, b, ¢, d ?

(A) 45
(B) 360/7

(C) 60

(D) 90

(B) 120 A B

In the figure, AOB is a straight line, and a straight angle measures 180°. Hence, the sum of the angles a, b,
¢, and d is 180, and the average of the four is their sum divided by 4: 180/4 = 45. The answer is (A).

Example: In the figure, lines I, m, and n intersect at O.
Which one of the following must be true about
the value of a ?

(A)a<5/8 «
(B)a=5/7 x+10°
(C)a=5/6 ay°
(D)a=1

(B)a>1

Equating vertical angles yields x = ay and y =x + 10. Plugging the second equation into the first yields x =

a(x + 10). Solving for x yieldsx = 10_a_ Also, y=x+10= 102 +10= 10a+10-10a _ 10
l1-a l1-a l1-a l1-a

know that the angle made by any point on a line is 180°. Hence, the angle made by point O on line n is
180°. Hence, 120 + ay + x + 10 = 180. Simplifying yields ay + x = 50. Substituting the known results x =

102 and y= 10 into this equation yields 10_a+10_a =50. Hence, 2(10—&1) = 50. Multiplying both
1-a 1-a I-a 1-a l1-a

sides by (1 — a) yields 20a = 50(1 — a). Distributing the 50 yields 20a = 50 — 50a. Adding 50a to both sides
yields 70a = 50. Finally, dividing both sides by 70 yields a = 5/7. The answer is (B).

. Now, we

Two angles are supplementary if their angle sum is 180°: 45° \ 135
45 + 135 =180
o . 60°
Two angles are complementary if their angle sum is 90°: 30°

30 +60=290
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I
Perpendicular lines meet at right angles: ! [] L Ll

Two lines in the same plane are parallel if they never intersect. Parallel lines have the same slope.

When parallel lines are cut by a transversal, three important angle relationships exist:

Alternate interior angles Corresponding angles Interior angles on the same side of
are equal. are equal. the transversal are supplementary.
c
a b
a+b=180°
a C a
) ) o Shortest
The shprtest distance from a point to a 11n<.3 is along.a distance
new line that passes through the point and is L
perpendicular to the original line. onger
< distance
A triangle containing a right angle is called a right
triangle. The right angle is denoted by a small
square:
Isosceles . Scalene
A triangle with two equal sides is called Equilateral b
isosceles. The angles opposite the equal sides
are called the base angles, and they are 60°
congruent (equal). A triangle with all three ¢ X a
sides equal is called equilateral, and each X X c
angle is 60°. A triangle with no equal sides
(and therefore no equal angles) is called . . azbzc
scalene: 60 60
X

Base angles
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The altitude to the base of an isosceles or equilateral triangle bisects the base and bisects the vertex angle:

CHE:Y . /3
Isosceles: aa s Equilateral: S h S 2
L s/2 s/2
The angle sum of a triangle is 180°: b
a+b+c=180°
a c

Example: In the figure, lines AB and D E are parallel. A

What is the value of x ?

(A) 225 X°

(B) 45

(C) 60

(D) 675 o

€ 70 45 C E

Since lines AB and DE are parallel, we can equate the alternate interior angles at AandD to get ZA=/D =
x (from the figure). Also, equating vertical angles ACB and DCE yields ZACB = £ZDCE = 45 (from the
figure). Now, we know that the angle sum of a triangle is 180°. Hence, ~DCE + 2 CED + £EDC = 180.
Plugging the known values into this equation yields 45 + x + x = 180. Solving this equation for x yields x =
67.5. The answer is (D).

1
The area of a triangle is > bh, where b is the base and h is the height. Sometimes the base must be extended

in order to draw the altitude, as in the third drawing directly below:

1
h h h A=—=bh
2
L]
b b b
In a triangle, the longer side is opposite the larger angle, and vice versa:
a /100 b 50° is larger than 30°, so side b is
longer than side a.
50° 30°
c

Pythagorean Theorem (right triangles only): The
square of the hypotenuse is equal to the sum of the
squares of the legs. a c 2=+

[

b

Pythagorean triples: The numbers 3, 4, and 5 can always represent the sides of a right triangle and they ap-
pear very often: 5% =3%+42. Another, but less common, Pythagorean Triple is 5, 12, 13: 13% =52 +12°.
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Two triangles are similar (same shape and usually different sizes) if their corresponding angles are equal.
If two triangles are similar, their corresponding sides are proportional:

C
f
a d
b
e
a_b_c
d e f

If two angles of a triangle are congruent to two angles of another
triangle, the triangles are similar.

In the figure to the right, the large and small triangles are
similar because both contain a right angle and they share ZA..

Two triangles are congruent (identical) if they have the same size and shape.

In a triangle, an exterior angle is equal to the sum of its remote interior angles and is therefore greater than
either of them:

a
e=a+band e>a and e>b
e b
In a triangle, the sum of the lengths of any two sides is greater than the length of the remaining side:
+vy>
« y X+y>z
y+z>X
X+z>y

z

Example:  Two sides of a triangle measure 4 and 12. Which one of the following could equal the length
of the third side?

(A) 5
(B) 7
€) 9
(D) 17
(E) 20

Each side of a triangle is shorter than the sum of the lengths of the other two sides, and, at the same time,
longer than the difference of the two. Hence, the length of the third side of the triangle in the question is
greater than the difference of the other two sides (12 — 4 = 8) and smaller than their sum (12 + 4 = 16).
Since only choice (C) lies between the values, the answer is (C).

In a 30°-60°-90° triangle, the sides have the following relationships:

30° 30°
B 2 In general > 2x
/3 x-/3
60° 60°
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45° s./2
In a 45°-45°-90° triangle, the sides have the following relationships: s k
. 45°
S

Quadrilaterals

A quadrilateral is a four-sided closed figure, where each side is a straight line.

The angle sum of a quadrilateral is 360°. You can
view a quadrilateral as being composed of two
180-degree triangles:

180°
180°
A parallelogram is a quadrilateral in which the
opposite sides are both parallel and congruent. Its
area is base x height: h A =bh
b
[]

The diagonals of a parallelogram bisect each other:

A parallelogram with four right angles is a ]

rectangle. If w is the width and I is the length of a A=l-w

rectangle, then its area is and its perimeter is P = w

ow + 2. P=2w+2l
L] []

|
Example: In the figure, the area of quadrilateral ABCD is 75. What is the area of parallelogram EFGH ?

(A) 96
(B) 153
(C) 157
(D) 165
(E) 171
A . E F
.
X Xx+3
] []
D
H G
X+7
« >

In the figure, AACD is right angled. Hence, by The Pythagorean Theorem, AC? = AD? + DC? = x? + x* = 2x°,
By square rooting the sides, we have AC = X2 .

The formula for the area of a triangle is 1/2 x base x height. Hence, the area of the right-triangle ACD is
1/2 - x - %, and the area of triangle ABC is % AC - (altitude from B on AC) = % xﬁ- 5w/§ =5x. Now, the

area of quadrilateral ABCD, which is given to be 75, is the sum of areas of the two triangles: x¥/2 + 5x.
Hence, x%/2 + 5x = 75. Multiplying both sides by 2 yields x* + 10x = 150.

Now, the formula for the area of a parallelogram is base x height. Hence, the area of EFGH is (x + 3)(x + 7) =
X+ 10x + 21 = (x* + 10x) + 21 = 150 + 21 (since ¥* + 10x = 150) = 171. The answer is (E).
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If the opposite sides of a rectangle are equal, it is a S
square and its area is A= s and its perimeter is - L]
P = 4s, where s is the length of a side: S S A=s?
P=4s
L] []
S
The diagonals of a square bisect each other and are
perpendicular to each other:
Q
A quadrilateral with only one pair of parallel sides base
is a trapezoid. The parallel sides are called bases,
and the non-parallel sides are called legs:
leg leg
base
The area of a trapezoid is the average of the two b,
bases times the height:
h A= (bl + bZ )h
2
b,

The volume of a rectangular solid (a box) is the product of the length, width, and height. The surface area
is the sum of the area of the six faces:

V=l-w-h
S =2wl +2hl + 2wh

w

If the length, width, and height of a rectangular solid (a box) are the same, it is a cube. Its volume is the
cube of one of its sides, and its surface area is the sum of the areas of the six faces:

V=x3

S =6x2
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Example:  The length, width, and depth of a rectangular box are 6 feet, 5 feet, and 7 feet, respectively. A
hose supplies water at a rate of 6 cubic feet per minute. How much time in minutes would it
take to fill a conical box whose volume is three times the volume of the rectangle box?

(A) 105
(B) 125
(C) 205
(D) 235
(E) 322

The volume of a rectangular tank is length x width x depth = 6 feet x 5 feet x 7 feet. Hence, the volume of
the conical box, which is 3 times the volume of rectangular box, is 3(6 x 5 x 7). Now, the time taken to fill
a tank equals the (volume of the tank) + (the rate of filling) = 3(6 x 5x 7) feet/6 cubic feet per minute =
105 minutes. The answer is (A).

The volume of a cylinder is V = tr’h, and the lateral surface (excluding the top and bottom) is S = 2xrh,
where r is the radius and h is the height:

V =ar’h

S = 2xrh + 2mr?

A circle is a set of points in a plane equidistant from a fixed point (the center of the circle). The perimeter
of a circle is called the circumference.

A line segment from a circle to its center is a radius.
A line segment with both end points on a circle is a chord.
A chord passing though the center of a circle is a diameter.

A diameter can be viewed as two radii, and hence a diameter’s length
is twice that of a radius.

diameter

O \ sector
A line passing through two points on a circle is a secant. radius
A piece of the circumference is an arc.

The area bounded by the circumference and an angle with vertex at the
center of the circle is a sector. secant

A tangent line to a circle intersects the circle at
only one point. The radius of the circle is
perpendicular to the tangent line at the point of
tangency:

>

Two tangents to a circle from a common exterior
point of the circle are congruent: A AB = AC
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An angle inscribed in a semicircle is a right angle: @

A central angle has by definition the same measure

as its intercepted arc: <
60°
An inscribed angle has one-half the measure of its
intercepted arc: 60°
The area of a circle is zr?, and its circumference A= ar?
(perimeter) is 27tr, where r is the radius: C - 2ar
On the SAT, t = 3 is a sufficient approximation for st. You don’t need &t = 3.14.
A

Example: In the circle shown in the figure, the length of

the arc ACB is 3 times the length of the arc AB.

What is the length of the line segment AB ?

(A) 3

(B) 4

© 5 5

D) 243

E) 32

Since the length of the arc ACB is 3 times the length of the arc AB, the angle made by the arc ACB must be
three times the angle made by the arc AB. Now, the two arcs together make 360° at the center of the circle.
Hence, the smaller angle, the angle made by the arc AB, must equal one-quarter of the full angle, which is
360°. One-quarter of 360° is 90°. Hence, ZAOB = 90°. Hence, triangle AOB is a right triangle, and
applying The Pythagorean Theorem to the triangle yields

AB? = OA? + OB?

=3°+3°=9+9=18 OA = OB = radius of circle = OC = 3 (from the figure)
AB = /18 = 312

The answer is (E).
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Shaded Regions

To find the area of the shaded region of a figure, subtract the area of the unshaded region from the area of
the entire figure.

Example: In the figure, ABCD is a rectangle. A 8 F 4 B
What is the area of the shaded region in 7 ; 3355
] it : :
the figure? :
(A) 18 6 s 3
(B) 20
C 24 -
(D) 28 E | A ; >
E) 32 -
©) 1 gy
:»/7
D C

The figure is not drawn to scale.

From the figure, the area of the shaded region equals
(Area of AABD) — (Area of AAFE)
Now, the area of AABD, by the formula 1/2 x base x height, equals
1/2 x AB x AD = (1/2)(AF + FB)(AE + ED) = (1/2)(8 + 4)(6 + 1) = (1/2)(12)(7) =6 x 7 = 42
and the area of AAFE equals
1/2xAF x AE=1/2x8x6=4x%x6=24
Hence, the area of the shaded region equals

(Area of AABD) — (Area of AAFE) =
42 -24 =
18

The answer is (A).

Example:  What is the area of shaded region in the figure?
(A) 10w+ 27+/3
(B) 10m+ %1/5
(C) 30m+27+3

(D) 30m+94/3
(E) 36m+274/3

From the figure, we have
The area of the Shaded region = (Area of Circle) — (Area of Sector AOB) + (Area of AAOB).
By the formula of the area of a circle, the area of the circle in the figure is &t x radius? = 7(6)? = 36.

The formula for the area of a sector is
(Angle made by sector/360°) x (Area of the circle) =
60/360 x 367 =
1/6 x 36m =
67
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Also, since OA and OB are radii, angles opposite them are equal. Hence, AOB is an isosceles triangle with
one angle (£LOAB =) 60°. An isosceles triangle with one angle measuring 60° is always an equilateral
triangle.

3

Now, the formula for the area of an equilateral triangle is To side?. Hence, the area of AAOB is

ﬁ.eﬁ:%.ga:gﬁ

4

Hence, the area of the shaded region is 36 — 67 + 94/3 = 30m + 9+/3. The answer is (D).

“Birds-Eye” View
Most geometry problems on the SAT require straightforward calculations. However, some problems

measure your insight into the basic rules of geometry. For this type of problem, you should step back and
take a “birds-eye” view of the problem. The following example will illustrate.

Example: In the figure to the right, O is both the center of S R
the circle with radius 2 and a vertex of the square
OPRS. What is the length of diagonal PS ? \
(A) 172
A2 O P
® 7
€ 4
(D) 2
E) 245

The diagonals of a square are equal. Hence, line segment OR (not shown) is equal to SP. Now, OR is a
radius of the circle and therefore OR = 2. Hence, SP = 2 as well, and the answer is (D).
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Problem Set E:

> Easy
1. If pisthe circumference of the circle Q and the area of the circle is 25, what is the value of p ?
(A) 25
(B) 10m
(C) 35
(D) 15=n
(E) 25m

2. Arectangular field is 3.2 yards long. A fence marking the boundary is 11.2 yards in length. What is
the area of the field in square yards?

(A) 4.68
(B) 7.68
(C) 9.28
(D) 11.28
(E) 12.38

3. ABCD is asquare and one of its sides AB is also a chord of the circle as shown in the figure. What is
the area of the square?

(A) 3
(B) 9
(C) 12
D) 1242
(E) 18
b A
3
(0]
3
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4. Inthe figure, lines | and m are parallel. If y — z = 60, then what is the value of x?
(A) 60
(B) 75
(C© 90
(D) 120
(E) 135

5. What is the value of y in the figure?

(A) 20
(B) 30
(C) 35
(D) 45
(E) 50
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In the figure, what is the value of a ?

(A) 16
(B) 18
(C) 36
(D) 54
(E) 72
2a°\3a° s
< a° da 7

In the figure, what is the average of the five angles shown inside the circle?

(A) 36
(B) 45
(C) 60
D) 72
(E) 90

a® +b°

/

In the figure, O is the center of the circle. What is average of the numbers a, b, ¢, and d ?

(A) 45
(B) 60
(C) 90
(D) 180
(E) 360
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>» Medium

10. The perimeter of rectangle ABCD is 5/2 times the length of side AB. What is the value of AB/BC ?

(A) 14
(B) 1/2
€ 1
(D) 2
E) 4
A B
D C

11. Inthe figure, AD and BC are lines intersecting at O. What is the value of a ?

(A) 15
(B) 30
(C) 45
(D) 60
E) 135
(E) c
A X +5a 2 + 30 D
< v = >
5y/2
B

12. From the figure, which one of the following must be true?

(A) y=z
(B) y<z
(C) y=z
(D) y>z
(E) y=z
y Z
< >
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13.

14.

From the figure, which one of the following could be the value of b ?

AD is the longest side of the right triangle ABD shown in the figure. What is the length of longest side

20
30
60
75
90

of AABC ?

(A)
(B)
(©)
(D)
(E)

2
3

Vi

9
41

5 C

The figure is not drawn to scale
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15. Inthe figure, what is the value of a ?

(A) 30
(B) 45
(C) 60
(D) 72
(E) 90
I m
o 3c°®
< > 2b° >
a° be

16. In the figure, lines| and m are parallel. Which one of the following, if true, makes lines p and g
parallel?

(A)
(B)
(©)
(D)
(E)

<}

caow
It
cocQooo

! !

17. A, B, C, and D are points on a line such that point B bisects line AC and point A bisects line CD. What
is the ratio of AB to CD ?

(A) 14
(B) 1/3
) 112
(D) 23
(E) 3/4

18. If A, B, C, D, and E are points in a plane such that line CD bisects ZACB and line CB bisects right
angle £ZACE, then DCE =

(A) 225°
(B) 45°

(C) 575°
(D) 67.5°
(E) 725°
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19.

20.

From the figure, which of the following must be true?

Q)
(1
()

(A)
(B)
(€)
(D)
(E)

In the figure, triangles ABC and ABD are right triangles. What is the value of x?

(A)
(B)
(€)
(D)
(E)

20°

<

Xx+y=90
X is 35 units greater thany
X is 35 units less thany

I only

11 only

111 only

I and 1l only
land 111 only

A

20
30
50
70
90
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21.

In the figure, ABC is a right triangle. What is the value of y ?

(A) 20
(B) 30
(C) 50
(D) 70
(E) 90

22.

23.

The following are the measures of the sides of five different triangles. Which one of them represents a
right triangle?

(A)  3,4/4,45
(B) 1,54

) 7,34

(D) 3,7, 4
(E) 4,8,10

AABC is a right-angled isosceles triangle, and £ B is the right angle in the triangle. If AC measures
7+/2, then which one of the following would equal the lengths of AB and BC, respectively?

A 7,7
(B) 9,9
(C) 10,10
(D) 11,12

(E) 7,12
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24,

In the figure, if AB =8, BC =6, AC =10and CD =9, then AD =

(A) 12
(B) 13
(C) 15
(D) 17
(E) 24
A
8
10
B 6 C 9 D
25. The average length of the sides of AABC is 12. What is the perimeter of AABC ?
(A) 4
(B) 6
C 12
(D) 24
(E) 36
A
60° ]
B c
26.  Which one of the following is true regarding the triangle shown in figure?

(A) x>y>z
(B) x<y<z
(C) x=y=z

(D) 2x=3yl2=2
(E) x2=2%/3=z
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27. Inthe figure, ABCD is a rectangle, and the area of AACE is 10. What is the area of the rectangle?

(A) 18
(B) 225
(C) 36
(D) 44
(E) 45
A
B
4
E
5
D c

28. Inthe figure, what is the area of AABC ?

(A)

(B)
(©)

(D)
(E)
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29. Inthe figure, O is the center of the circle. Which one of the following must be true about the
perimeter of the triangle shown?

(A)  Always less than 10

(B)  Always greater than 40

(C)  Always greater than 30

(D)  Always less than 30

(E) Lessthan 40 and greater than 20

B
N
30. Which of the following must be true?

()  The area of triangle P.
(1) The area of triangle Q.
(1) The area of triangle R.

(A I=1=1
B) I<li<ll
© I>l<ll
(D) H<i<l
(BE) m>1>1
y
10 ;
10 z
10 ‘ Y
10 y
P Q R
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31. Inthe figure, ABCD is a parallelogram. Which one of the following is true?

(A) x<y
(B) x=>q
C) x>p
D) y=>p
(B) y=>q
A y B
X
q
30°
31°
D p C

32. In the figure, the areas of parallelograms EBFD and AECF are 3 and 2, respectively. What is the area
of rectangle ABCD ?

A 3
B) 4
©) 5
(D) 443
(E) 7
A E B
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33. Inthe figure, the area of rectangle ABCD is 100. What is the area of the square EFGH ?

(A) 256
(B) 275
(C) 309
(D) 399
(E) 401

A 5 5 E 2x+5 F

X+

>

+

N

D c

H G

34. In the figure, the area of rectangle EFGH is 3 units greater than the area of rectangle ABCD. What is
the value of ab ifa + b = 8?

A) 9
B) 12
©) 15
(D) 18
€ 21
A 5 B E X+ a F
X+
>
+ <
N) +
O
D C
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35. Inthe figure, the area of rectangle ABCD is 45. What is the area of the square EFGH ?

(A) 20
(B) 40
(C) 50
(D) 65
E) 70
A X+5 B : ’
T
D C
H

36. In the figure, ABCD is a parallelogram, what is the value of b ?

(A) 46
(B) 48
(C) 72
(D) 84
(E) 96

A B

48° b°
48°
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37.

In the figure, AB and CD are the diameters of the circle. What is the value of x ?

16°
18°
26°
32°
58°
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38. Inthe figure, a, b, ¢, d, e, f, g, h, i, and j are chords of the circle. Which two chords are parallel to each

other?

(A) aandf
(B) bandg
(C) candh
(D) dandi
(E) eandj

The figure is not drawn to scale.
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39.

A and B are centers of two circles that touch each other externally, as shown in the figure. What is the
area of the circle whose diameter is AB ?

(A)  4n
(B) 25m/4
C) 9
(D) 16m
(E) 25mn

40. In the figure, which one of the following angles is the greatest?
(A) <£A
(B) «B
() <«cC
(D) 4D
(E) +«CDB
B
A 3
4 5
D 6

The figure is not drawn to scale.
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A B C D
l l l l

41.

42.

43.

44,

In the figure, A, B,